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Theory and practice of the shift design problem

WOLFGANG SLANY
Institut für Informationssysteme

Technische Universität Wien
Favoritenstr. 9–11, A-1040 Wien

AUSTRIA
wsi@dbai.tuwien.ac.at http://www.dbai.tuwien.ac.at/staff/slany/

Abstract: Generating high-quality schedules for a rotating workforce is a critical task in
all situations where a certain staffing level must be guaranteed, such as in industrial plants,
hospitals, or airline companies. Shift scheduling comprises several problems, one of primordial
importance being the shift design problem which is concerned with finding optimal starting
times and lengths of shifts. This problem presents an interesting challenge both from practical
as well as theoretical points of view. We describe our results in both areas, stressing in
particular how our quest for complexity results lead to improved practical algorithms which
are now part of a successful commercial package.

In the shift design problem we are given a col-
lection of shift templates and workforce require-
ments for a certain cycle time (usually one week).
We look for an optimal selection of the shift tem-
plates together with an optimal assignment of
workers to these shifts such that the overall devi-
ation from the requirements is small, with a num-
ber of additional constraints:

• The shift templates are potential shifts under
legal, ergonomic, and operating constraints.

• Over- and underhead can be differently
weighted.

• The number of selected shifts should be
small.

• Workers should come to work 4–5 times per
week on average.

• Some other constraints varying from case to
case, e.g. there should be little variation in
the selection of shifts between weekdays.

Example: Shift templates = all possible shifts
(typical temporal resolution: 15 minutes).

Example: Workforce requirements: How many
persons should ideally be present at each time of
the week.

Characteristics of the solution of Table 3:

• Number of shifts used: 5 (out of the 384)

• Underhead: each day from 10h–11h 2 work-
ers

• Overhead: Wednesday 9h–10h 2 workers

• Average number of times workers have to
commute per week: 4 (assuming 21 workers
will work for 40h/week)

Another solution, found with a very fast min
cost max flow algorithm: 2 worker-hours less, but
the solution features a total of 18 shifts to achieve
this better fitting of the requirements.

It is possible to model the shift design prob-
lem as a network flow problem, namely as the
cyclic multi-commodity capacitated fixed-charge
min cost max flow problem (following ideas from
[1]). Basic idea:

• A matrix A with consecutive ones property
(in the columns, corresponding to shift tem-
plates).

• A vector b of positive integers (corresponds
to workforce requirements).

E.g., A =




1 1 1 0 0 0 0 0
1 1 1 1 1 1 0 0
0 1 1 1 1 1 1 1
0 0 1 1 1 1 1 1
0 0 0 0 1 1 1 1
0 0 0 0 0 1 0 1




,

b = (2, 3, 5, 4, 2, 1)
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Abbreviation Shift Type Possible Start Times Possible Durations
M Morning 06:00 – 08:00 7h – 9h
D Day 09:00 – 11:00 7h – 9h
A Afternoon 13:00 – 15:00 7h – 9h
N Night 22:00 – 24:00 7h – 9h

Table 1: Typical set of shift templates. With a resolution of 15 minutes, this example corresponds to
384 possible shift templates.

Start time End time Mon Tue Wen Thu Fri Sat Sun
06:00 08:00 2 2 2 6 2 0 0
08:00 09:00 5 5 5 9 5 3 3
09:00 10:00 7 7 7 11 7 5 5
10:00 11:00 9 9 9 15 9 7 7
11:00 14:00 7 7 7 13 7 5 5
14:00 16:00 10 9 7 9 10 5 5
16:00 17:00 7 6 4 6 7 2 2
17:00 22:00 5 4 2 2 5 0 0
22:00 06:00 5 5 5 5 5 5 5

Table 2: Sample workforce requirement table for one week.

• We look for a (positive) vector x such that

1. |Ax−b|1 is minimum (= minimum over-
/underhead).

2. Among all x minimizing |Ax − b|1, the
one that has a minimum number of
non zero entries (= minimum number
of shifts).

• We can also accommodate the other con-
straints and objectives, as we will hint at
later.

Let T denote the following matrix:

T =




1 −1 0 0 0 0
0 1 −1 0 0 · · · 0
0 0 1 −1 0 0

...
. . .

...
0 0 0 1 −1 0
0 0 0 · · · 0 1 −1
0 0 0 0 0 1




As T is regular the two sets of feasible x vectors
for Ax = b and for TAx = Tb are equal. However,
TA can (almost) be interpreted as a flow matrix,
Tb specifying the finite capacities on source (s)

and sink (t) edges, all other edges having infinite
capacity.

TA =




0
−1

0
−1

0
−1

−1 −1 −1 0 0
1 0 0 0 0 0 −1 −1
0 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1




,

T b = −2 (−1,−2, 1, 2, 1, 1)
xT = (0 1 1 1 0 0 1 1)

Thus, shifts 2, 3, 4, 7, and 8 each are assigned
one worker to perfectly satisfy this shift design
problem.

• To minimize possible over- and underhead,
we introduce slack variables (edges of infinite
capacity and cost according to the relative
weights of over- versus underhead).

This part (min Σ cost × flow) can be solved
by any min cost max flow algorithm (in poly-
nomial time).

• To minimize the average number of times
workers have to come in, assign uniform costs
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Shift Start time End time Mon Tue Wen Thu Fri Sat Sun
M1 06:00 14:00 2 2 2 6 2
M2 08:00 16:00 3 3 3 3 3 3 3
D1 09:00 17:00 2 2 2 4 2 2 2
A1 14:00 22:00 5 4 2 2 5
N1 22:00 06:00 5 5 5 5 5 5 5

Table 3: A typical solution for the problem from Table 2

ts 2

1

1
2

1

1

2

Figure 1: Flow graph corresponding to the sam-
ple shift problem.

to all edges corresponding to shifts. Again
solved through min cost max flow algorithm.

• To minimize number of selected shifts assign
fixed charges to shift-edges. Closely related
to the NP-complete Minimum Edge Cost
Flow problem (MECF = [ND32] in Garey &
Johnson). Remember also the second solu-
tion of the sample problem used many more
shifts than the first one.

1 Theoretical results

Theorem 1 ([2]): There is a constant c < 1 such
that approximating the shift design problem with
polynomial bounds on numbers appearing in the
requirements within c ln n is NP-hard.

The proof is based on a reduction from Set-
Cover.
Theorem 2 ([2]): The shift design problem ad-

mits a O(
√

n log M ) ratio approximation algo-
rithm (where M is the largest number in the re-
quirements).

This means that we find a vector minimizing
the overhead with O(

√
n · log M) · opt non-zero

entries where opt is the minimum possible number
of non-zero entries in a maximum flow.

The proofs of both results can be found in [2].
Similar results exist for the Minimum Edge

Cost Flow problem and variants thereof (see [2]).
This problem is one of the more fundamental

flow variants with many applications. A sample
of these applications include optimization of syn-
chronous networks, source-location, transporta-
tion, scheduling (for example, trucks or man-
power), routing, and designing networks (for ex-
ample, communication networks with fixed cost
per link used, e.g., leased communication lines),
see [2] for references.

2 Practical algorithms

The Operating Hours Assistant is sold by Ximes
corp1. In the program, a min cost max flow algo-
rithm is used to get reference values for all con-
straints besides the minimization of the number
of shifts. To additionally minimize the number of
shifts, a Tabu search heuristic is employed that
is delivering good results for most problems ap-
pearing in real life.

A screenshot of a German language version is
given in Figure 2.

Acknowledgments

This research was partially supported by the Aus-
trian Science Fund Project N Z29-INF and by
FFF project No. 801160/5979.

1http://www.ximes.com/

student2
  55



Figure 2: Operating Hours Assistant screenshot.
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Botanická 68a, Brno 602 00, Czech Republic

hanka@fi.muni.cz
2 Space Management and Academic Scheduling, Purdue University

1128 ENAD, West Lafayette, IN 47907, USA
kmurray@purdue.edu

Abstract. An extension of constraint logic programming that allows
for weighted partial satisfaction of soft constraints is described and ap-
plied to the development of an automated timetabling system for Purdue
University. The soft constraint solver implemented in the proposed solu-
tion approach allows constraint propagation for hard constraints together
with preference propagation for soft constraints. Repair search methods
are proposed to improve upon initially generated (partial) assignments
of the problem variables. The model and search methods applied to the
solution of the large lecture room component are presented and discussed
along with the computational results.

1 Introduction

This paper describes the design approach and solution techniques being devel-
oped for an automated timetabling system at Purdue University. The initial
problem considered here is the design of an intelligent system to assist with con-
struction of the large lecture component of the university’s master class sched-
ule. The design anticipates expanding the scope of the problem to accommo-
date a demand-driven approach to timetabling all classes at the University. In
demand-driven timetabling, student course selections are utilized to construct a
timetable that attempts to maximize the number of satisfied course requests. In
the initial problem we consider the course demands of almost 29,000 students
enrolled in approximately 750 classes, each taught several times a week.

A solution to the timetabling problem is being developed using constraint
logic programming [21, 13]. CLP is a respected technology for solving hard prob-
lems which include many complicated (non-linear) constraints [11]. Its main
advantages over other frameworks are the declarative nature of problem descrip-
tions via logical constraints, and a constraint propagation technique for reducing
the search space.

Timetabling problems [7, 20] are often over-constrained, which is the case
with our problem since it is not possible to satisfy all requests of students for en-
rollment to specific courses. Preferential requirements for time and room assign-
ment may also lead to the problem being over-constrained. Soft constraints [8, 4]

student2
  73



can be applied to define all requirements declaratively rather than encapsulating
many of them into the control part of the problem solution. In our problem solu-
tion, we have applied a weighted CSP [8] approach which considers weights/costs
for each constraint and minimizes the weighted sum of unsatisfied constraints.

Soft constraints are often applied to solve timetabling problems with the help
of constraint satisfaction. They are mostly applied via the standard constraint
satisfaction method, which offers no special support for more effective resolution
of the soft constraints. Golz et al. [10] applies the typical solution — the given
unary soft constraints, with priorities, are integrated into the solution search
through value and variable ordering heuristics. An optimization constraint was
applied for solving medium-sized problems [12]. Abdennadher et al. [1] describe
the solution of a department-sized problem, including soft constraint solver, for
a cost-based approach implemented with Constraint Handling Rules [9].

Our work includes development of a new solver for soft constraints. The solver
was implemented as an extension of the CLP(FD) library [5] of SICStus Prolog.
This approach is of particular importance for the construction of demand-driven
schedules where complete satisfaction of all constraints is not feasible. Soft con-
straints have also been applied to accommodate the preferences of instructors
with respect to time and room assignments for their classes. We will also describe
a new repair search technique which allows us to find a solution even when the
problem is over-constrained.

The following sections of this paper will give a more complete description of
our timetabling problem. Section 3 explains the soft constraint solver that was
implemented, together with the search procedures used on this problem. This is
followed by a description of how the problem has been modeled, including the
representation of soft and hard constraints. In addition, the methods applied
to the search for a feasible solution are discussed. Computational results are
discussed in Sec. 5. Comparison with other approaches to solving demand-driven
timetabling problems is presented in Sec. 6. The final section reviews the results
of our work and looks to future extensions of the problem solution and soft
constraint solver improvements.

2 Problem Description

At Purdue University, the timetabling process currently consists of constructing
a master class schedule prior to student registration. The timetable for large
lecture classes is constructed by a central scheduling office in order to balance
the requirements of many departments offering large classes that serve students
from across the university. Smaller classes, usually focused on students in a single
discipline, are timetabled by “schedule deputies” in the individual departments.
This process has been tailored to the political realities of a decentralized univer-
sity, where faculty can be quite put off by the idea of having a central office tell
them when to teach, or even by providing such an office with much information
about when they are available to teach.
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A natural decomposition of the university timetabling problem has therefore
resulted, consisting of a central large lecture timetabling problem and 74 disci-
plinary problems. The large lecture problem consists of approximately 750 classes
having a high density of interaction that must fit into 41 lecture rooms with ca-
pacities up to 474 students. In this problem, the course demands of almost 29,000
students out of a total enrollment of 38,000 must be considered. The departmen-
tal problems range from only a few classes up to almost 700, with an average size
of slightly more than 100 organized classes. The largest departmental problems
are simplified by having many sections of the same course that are offered at
multiple times.

The timetable maps classes (students, instructors) to meeting locations and
times. A major objective in developing an automated system is to minimize the
number of potential student course conflicts which occur during this process.
This requirement substantially influences the automated timetable generation
process since there are many specific course requirements in most programs of
study offered by the University.

To minimize the potential for time conflicts, Purdue has historically sub-
scribed to a set of standard meeting patterns. With few exceptions, 1 hour x
3 day per week classes meet on Monday, Wednesday, and Friday at the half
hour. 1.5 hour x 2 day per week classes meet on Tuesday and Thursday during
set time blocks. 2 or 3 hours x 1 day per week classes must also fit within spe-
cific blocks, etc. Generally, all meetings of a class should be taught in the same
location. Conforming to this set of standard meeting patterns will be seen to
have a strong influence on both the problem definition and the solution process,
since the meeting patterns defined for each class introduce hard restrictions on
the acceptability of any generated solution.

The other major constraints on the problem solution are instructor avail-
ability and a limited number of rooms available with sufficient capacity, spe-
cific equipment, and suitable location. Some of these constraints must be satis-
fied; others can be introduced within an optimization process in order to avoid
an over-constrained problem.

This paper describes the construction of the timetable for the large lecture
problem. The nature of this problem is the same as the timetabling problem at
the university level. There is a demand for specific class combinations to meet
individual student’s needs. Meeting patterns direct possible time and location
placement. Classroom allocation must respect instructional requirements and
the preferences of faculty. All instructors may have specific time requirements
and preferences for each class.

Another aspect of the timetabling problem that must be considered here is
the need to perform an initial student sectioning. Most of the classes in the large
lecture problem (about 75 %) correspond to single-section courses. Here we have
exact information about all students who wish to attend a specific class. The re-
maining courses are divided into multiple sections. In this case, it is necessary to
divide the students enrolled to each course into sections that will constitute the
classes. Without this initial sectioning it is not easy to measure the desirability
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or undesirability of having classes overlap in the timetable. Our current approach
sections students in lexicographic order before joint enrollments between classes
are computed. This gives us the worst case possibility. The university currently
processes a precise student schedule after the master class schedule is created,
however, which should introduce some improvements. Possible directions for im-
proving this solution will be discussed in the final section.

3 Solver for Soft Constraints

Constraint propagation algorithms for the soft constraints are implemented as
a part of the preference constraint solver [17]. This constraint solver is built on
top of the CLP(FD) solver of SICStus Prolog [5] and implemented with the help
of attributed variables. An advantage of this implementation is the ability to
include both hard constraints from the CLP(FD) library and soft constraints
from a new preference solver.

3.1 Preference Variables and Preference Propagation

The preference solver handles preferences for each value in the domain of the
variable which will be called the preference variable. Each preference corresponds
to a natural number indicating the degree to which any soft constraint dependent
on the domain value is violated. An increase of the preference during the com-
putation with soft constraints is called a preference propagation. Let us note the
difference with constraint propagation, which removes values from the domain
of the domain variable during the computation of hard constraints. Removal of
domain values may also occur with preference variables. This corresponds to vi-
olation of a hard constraint. We may also set the degree of acceptable violation
for any preference variable. If the preference associated with a value in the do-
main of the preference variable should exceed this limit, it is removed from the
domain. This possibility is of particular interest for time (or classroom) variables
since all classes should be relatively equal in importance.

Zero preference means complete satisfaction of the constraint for the corre-
sponding value in the domain of the variable. Any higher preference expresses
a degree of violation that would result from the assignment of this value to vari-
able. All values which are not present in the domain of the preference variable
have the infinite preference sup. Preferences for each value in the domain of
the variable may be initialized with a natural number. This allows us to handle
initial preferences of values in the domain of the variable.

For each preference variable, the preference solver maintains an additional
domain variable (cost variable) having the current best preference of the prefer-
ence variable as its lower bound. The initial upper bound is set to infinity. Any
preference propagation results in an increase of the current best preference, with
the lower bound of the cost variable being increased accordingly. The sum of all
cost variables gives us the total cost of the solution (cost function).
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Example 1. The unary soft constraint pref(PA, [7-5, 8-0, 10-0], CostPA)
creates the preference variable PA with initial domain containing values 7, 8, and
10 and preferences 5, 0, and 0, resp. It means that the value 7 is discouraged wrt.
other values. Preferences for remaining values are assumed as infinite, indicating
complete unsatisfaction. The domain variable CostPA is created with the domain
0..sup.

3.2 Soft Disjunctive Constraints

Let us describe two basic binary soft constraints we have implemented.

soft_different( PA, PB, Cost )
soft_disjunctive( PStart1, Duration1, PStart2, Duration2, Cost )

The soft different constraint expresses that the two preference variables PA,
PB should have different values. The constant Cost gives us the cost for vio-
lation of this constraint. The soft disjunctive constraint asks for the non-
overlapping of the two tasks specified by the preference variables PStart1,
PStart2 and the constant durations Duration1, Duration2. Again the Cost
is the weight of this constraint.

Algorithms for both constraints are based on the partial forward checking
algorithm and inconsistency counts [8]. Let us take a look at the soft different
constraint. Once the first preference variable is instantiated to some value X, the
inconsistency count for the second variable and the value X should be increased
by Cost, i.e., the preference propagation is processed for this variable and value.
The soft disjunctive would process preference propagation for all values in
the interval X..(X+Duration-1).

Inconsistency counts are maintained for all of the unassigned variables and
the values remaining in their domains. These can be applied during labeling
and optimization, e.g., values with the smallest inconsistency count can be se-
lected first (an optimistic approach). The change in inconsistency counts for each
preference variable is also reflected by the corresponding cost variable, e.g., the
smallest inconsistency count for the preference variable corresponds to the lower
bound of its cost variable.

3.3 Search

The aim of our problem solution is to be able to search for the complete as-
signment of the preference variables giving the best possible satisfaction of all
soft constraints. Since the evaluation of the assignment is given by the sum
of the corresponding cost variables, we may apply a standard branch & bound
algorithm.

Unfortunately it may not be easy to find any complete assignment. Mistakes
in the assignment of some variable(s) may lead to a time consuming exploration
of the search space with no complete solution. A complete assignment may not
even exist due to conflicts among the hard constraints. Our approach is to find
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some initial partial assignment of the variables and subsequently repair it such
that all, or at least most, of the variables have been assigned a value.

Let us describe the initial search first. For each preference variable, we main-
tain a count of how many times a value has been assigned to the variable. A limit
is set on the number of attempts that are made to assign a value. Currently this
limit corresponds to the size of the domain of each variable. If the limit is ex-
ceeded, the preference variable is left unassigned and we continue in the search.
Whereas any assignment of a value to this variable will lead to a time consuming
trashing1, allowing several values to remain in its domain will not initiate a con-
straint propagation that would detect inconsistency with the already assigned
variables. As a result of this search, we obtain a partial assignment of variables
and the sets of values which were tried unsuccessfully for the remaining variables.

Any repair search can use the result of the former (initial or repair) search.
First, we apply heuristics with the successfully assigned variables to give us
a value for each variable to be tried first. Second, we apply heuristics with the
remaining variables to give us values to be tried last.

This change in the value ordering can be included in the problem with the
help of preferences. We can encourage certain values by increasing the initial
preferences or discourage them by decreasing their initial preferences. This type
of redefinition allows us to run a repair search using the same procedure as the
initial search.

After construction of a partial assignment, the user can decide on a desirable
continuation of the search. The following possibilities are of particular interest:

1. processing the repair search directed by the proposed value ordering heuris-
tics;

2. changing variable ordering such that unassigned variables are tried first,
then processing the repair search directed by the proposed value ordering
heuristics;

3. defining other values to be tried first or last based on user input, and process
the repair search directed by the updated value ordering heuristics;

4. relaxing some hard constraints based on user input, and processing the initial
search or the repair search directed by the updated value ordering heuristics.

The first two possibilities are aimed at automated generation of a better assign-
ment. The second approach seeks to find an assignment of variables which may
be more difficult to locate in the search space using the original variable ordering.
This step may lead to significant changes in the generated solution. The third
possibility allows the user to direct the search into parts of the search space
where a complete assignment of variables might more easily be found. The last
step can be useful if the user discovers a conflict among some hard constraints.
The repair searches can reuse most of the results from the former search and
permute only some parts of the last partial assignment. Let us note that there
is often an advantage to a user directed search in timetabling problems, since

1 A large number of the variable assignments having to be undone repeatedly.
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the user may be able to detect inconsistencies or propose a suitable assignment
based on the partially generated timetable.

The user can also change the problem definition (add/delete/change classes
or add/delete constraints) and apply the repair search while reusing results of
the former solution for classes with no changes.

4 Problem Solving

We would like to describe a model for the timetabling problem which consists
of variables for the time and room assignments of each class and of both hard
and soft constraints, applying an approach described in the previous section. We
also explore the control portion of the solution, which consists of the application
of the proposed initial and repair searches.

4.1 Time and Classroom Variables

The domain of the time variables is represented by the natural numbers 0..104,
corresponding to 5 days of 21 half-hours. The domain of the classroom variables
is represented by the natural numbers 1..Number Of Classrooms.

Each class consists of between one and five meetings per week (typically
two or three). All meetings have the same duration and are typically taught at
the same time of day. Valid combinations of the number of meetings and the
duration are called meeting patterns. Each meeting pattern (e.g., 1 hour x 3
meetings) has a defined set of days on which the meetings may be scheduled
(e.g., Monday, Wednesday, Friday for 1 hour x 3 meetings). Interestingly, the
start time of the first meeting of a class differs from the start times of the
following meetings by a constant factor for most combinations (see Table 1).
Excepting the MF (Monday and Friday) combination for 2 meetings per week

Table 1. Maximal sets of the possible combinations of days for class with given number
of meetings per week (e.g., TTh means that course can have its meetings on Tuesday
and Thursday).

Number of meetings Possible combination of days

1 M or T or W or Th or F

2 MW or TTh or WF or MF

3 MWF

4 TWThF or MWThF or MTThF or MTWF or MTWTh

5 MTWThF

and the 4 meeting patterns (includes less than 1% of classes), one time variable
is sufficient to contain the complete information about the start time of classes.
This is a preference variable indicating the start time of the first meeting (T1).
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It will be referred to as the time preference variable. The starting times of all
remaining meetings (T2,..., Tn) are domain variables only, and may be related
to the time preference variable by the simple constraint

Ti#= T1 + Constant ∗ (i− 1) . (1)

Preferences associated with each value in the domain of the time preference
variable allow us to express the degree to which any time assignment for a class
is preferred or discouraged. The remaining domain variables may be referenced
in the hard constraints (e.g., serialized), but they do not require the more
expensive processing by the preference solver.

Since all class meetings should be taught in the same room, we suffice with
only one common classroom variable for all meetings (called the classroom pref-
erence variable). As a preference variable, it associates a preference with each
classroom expressing how desirable or undesirable it is for a given class.

4.2 Hard Constraints

Let us summarize the requirements which are implemented in the system using
hard constraints:

1. meeting pattern specification;
2. prohibited or required times for classes;
3. class requires room with sufficient seating capacity;
4. class requires or prohibits some building(s) or room(s);
5. class requires or prohibits classroom of a specified generic type (computer,

computer projection, audio recording, document camera, . . . );
6. classes taught by the same instructor do not overlap;
7. sections of the same course do not overlap;
8. additional constraints over selected sets of classes: classes must be taught at

the same times, on the same days, in the same classrooms, . . .

Meeting pattern constraints relate the domain variables for all class meetings
as was described in Eqn. 1. In addition, the domain of the time preference
variable is reduced such that all invalid values are removed.

Example 2. A 1.5 hour x 2 meetings class is represented by the two variables
T1, T2. The first of these is the time preference variable with the initial domain
(0..104) reduced to the values 21,24,...,39 because the TTh combination
is valid only. The second domain variable is related with T1 by the constraint
T2 #= T1 + (21*2)*1. The constant separating start times here is 21 periods
x 2 days.

A 2 hours x 2 meetings class has MW, TTh, and WF as valid meeting
day combinations. It is represented by the two variables T1, T2 related by the
same constraint as before. The reduced domain of T1 corresponds to the values
0,4,8,12,16, 21,25,29,33,37, 42,46,50,54,58.
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Requirements 2–5 are implemented by domain reduction in the corresponding
domains of the time and classroom preference variables. Requirements 6 and 7
are included with help of the constraint serialized which constrains tasks,
each with a start time and duration, so that no tasks ever overlap. Built-in
constraints of CLP(FD) library of SICStus Prolog are used to implement various
requirements over selected sets of classes as mentioned in the item 8.

Additional hard constraints must be posted to assure that each class is as-
signed to just one suitable classroom. This requirement could be implemented
via the disjoint2 constraint, which ensures non-overlapping of a set of rect-
angles. In our case, the rectangle is defined by the start time variable (Time)
and the duration (Duration) of each meeting, and by the classroom variable
(Classroom) for the corresponding class:

disjoint2( [ rectangle(Time, Duration, Classroom, 1) | _ ] ) .

The number 1 represents the requirement of one classroom for each meeting.
A different type of propagation among the time variables is achieved via

the cumulative constraint. It ensures that a resource can run several tasks in
parallel, provided that the discrete resource capacity is not exceeded. If there
are N tasks, each starting at a certain time (StartI), having a certain dura-
tion (DurationI) and consuming a certain amount of resource (ResourceI),
then the sum of resource usage of all the tasks must not exceed resource limit
(ResourceLimit) at any time:

cumulative([Start1,...,StartN], [Duration1,...,DurationN],
[Resource1,...,ResourceN], ResourceLimit) .

The cumulative constraint helps to assign a classroom of sufficient size to
each meeting while allowing smaller classes to be assigned to larger classrooms.

Example 3. Let us imagine a small example with 2 rooms for 40 students,
3 rooms for 20 students, and 1 room for 10 students. The set of cumulative
constraints follows

cumulative(Time_meetings_with_size_40, Dur_40, ListOf1, 2),
cumulative(Time_meetings_with_size_20_40, Dur_20_40, ListOf1, 5),
cumulative(Time_all_meetings, Dur_all, ListOf1, 6).

The first constraint ensures that the largest classes are accommodated into the
largest rooms, the second constraint allows medium-sized classes to be placed
into rooms for 20 students, and also into rooms for 40 students if they are not
already asked for by the first constraint. The third constraint allows movement
of small classes between all rooms, subject to the condition that they are not
occupied by any larger classes at the same time.

More precisely, we can post one cumulative(Starts, Durations, ListOf1,
Limit) constraint for each possible size of classroom denoted by Size. The con-
stant ListOf1 denotes a list of 1 representing a unit resource requirement (one
classroom) by each course. Durations represents the durations of classes with
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the start time Starts. Variables Starts and Limit should satisfy the following
properties

Starts= {Start|meeting(Start,Duration,Capacity)∧ Capacity≥ Size}
Limit= card{Id|classroom(Id,Capacity)∧ Capacity≥ Size}

Actually, it is sufficient to post this constraint only for some specific sizes of
classrooms. Classrooms of similar size are grouped together to achieve better
efficiency.

Another possibility for taking cumulative constraints into account consists
of splitting classrooms into groups by size. Each class would be included in the
group of corresponding size only. Such division can be useful if we do not want to
put smaller classes into larger classrooms of other group at any time (e.g., smaller
classes must be in the classrooms with a capacity smaller than 400 students).

4.3 Soft Constraints

Three types of soft constraints are currently handled by the system which will
be discussed in this section:

1. unary constraints on time variables — faculty time preferences;
2. unary constraints on classroom variables — faculty preferences on the class-

room selection for classes;
3. binary constraints for each joint enrollment between two classes.

Instructors may specify preferences for the days, hours, or parts of days they
wish to encourage or discourage. This specification is transformed into a list of
integer preferences corresponding to the possible start time of each class. We
have seen that the initial selection of start times for each class is determined by
its meeting pattern. The domain size of this set of start times can differ greatly
among meeting patterns (it ranges from 5 to 50 possible values). This causes the
relative effect of any given preference to vary greatly among the meeting patterns.
To compensate for this effect, the number of preference points associated with
instructor time preferences differ based on the meeting pattern.

Each class is associated with a time preference variable with preferences ini-
tialized either as specified by the instructor or to a set of default preferences.
These default preferences are very important — their exclusion would lead to the
construction of timetables which discriminate against classes for which no pref-
erences have been provided. Many such classes would be placed in undesirable
times, which no human timetabler would want to do.

Instructors may also specify positive or negative preferences towards the
room selection for each class. It is possible to prefer or discourage particular
classrooms, buildings, or properties of the room (e.g., “I prefer classrooms with
a computer.” or “I discourage classrooms without windows.”). Each value in the
domain of the classroom preference variable has either the specified preference
or the neutral preference specification.

Any two classes potentially have a number of students who are enrolled to
both at the same time. We seek to control their degree of overlap in the timetable
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by a generalization of the soft disjunctive constraint (see soft disjunctive in
Sec. 3.2). Such binary soft constraints include two time preference variables for
corresponding classes, with the cost given by the number of students enrolled in
both. Since each class may have several meetings, such a generalized disjunction
needs to propagate preferences to the all values of the uninstantiated preference
time variable which could be affected by the overlap of any of the meetings.

Preferences associated with the time preference variables are influenced by
both the first and third soft constraints. Constraints of the first type initial-
ize preferences. Constraints of the third type propagate (increase) them during
the computation of the same cost function. The sum of the cost variables (see
Sec. 3.1) for the time preference variables gives this cost function, i.e., the solu-
tion cost wrt. time assignment. As a consequence we need to balance the number
of student joint enrollments from the third constraint with the number of pref-
erence points assigned by the first constraint, (e.g., the summarized preference
points of the instructor for one class corresponds to overlapping for 20 students).
The relationship between preference points and joint enrollments is specified as
part of the input data.

4.4 Labeling

Separated Time & Classroom Variable Labeling. In our timetabling problem, we
have time and classroom preference variables and two types of cost functions
based on the sums of the corresponding cost variables. These cost functions are
independent of each other and introduce two different criteria in our problem.
Since minimizing student conflicts and accommodating the time preferences of
classes were judged to be a more critical aspect of the problem than meeting
preferences for classrooms, we have explored the following approach: labeling
of time preference variables is processed first, followed by the labeling of room
preference variables. Potential improvements of this search are mentioned in
Sec. 7.

Initial & Repair Searches. The overall process of searching for a solution consists
of two main parts — the initial search and the repair search. Results of a prior
search are used only by the time preference variables. Information about an unas-
signed classroom variable reflects back upon the corresponding time preference
variable as we describe in the next paragraph.

In the initial search, preferences associated with the time preference vari-
ables are set as they are defined by the problem. Values of the unassigned time
preference variables that were unsuccessfully tried during the prior search are
discouraged during the next search. There are other time preference variables
for which a particular value is discouraged. These are the variables with a corre-
sponding unassigned classroom preference variable in the former search. Since we
have processed the assignment of the time variables first, such a non-assignment
is the result of no classroom being available for the corresponding time. Success-
fully assigned values for all remaining time preference variables are encouraged
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in an automated repair search as it was proposed in item 1 in Sec. 1. In addi-
tion, variable ordering can be changed for unassigned time variables (item 2).
The user can also introduce his own preferences (item 3) or relax the hard con-
straints (item 4).

Value & Variable Ordering. Different heuristics were used for time and classroom
variable labeling. We have employed the first-fail heuristics to determine the
ordering of classes for time assignment. It selects the most highly constrained
time preference variables with respect to both hard and soft constraints. First,
we select among the variables having the smallest domain. Ties are broken based
on the greatest number of soft constraints related to this variable. If not selected
early, the domain of such a variable may become too small to select a sufficiently
preferred value, or it may even become empty and cause a backtracking. Early
propagation of soft constraints is also encouraged, so as not to discover mistakes
too late. A specific class time assignment was selected among the most preferred
values, i.e., we have chosen an optimistic approach for the value selection. This
approach lead us to a good first solution from the point of view of cost function
over time variables.

The first-fail approach was also used to choose a class to be placed into
a classroom. The best results of the cost function over classroom variables were
achieved by the following value ordering heuristics. First, the most preferred
classroom was selected. Ties were broken by the selection of the smallest available
classroom so as not to waste available resources. A branch and bound search was
applied to improve the cost function over room variables.

During the repair searches, we have updated our variable ordering heuristics
as it is pointed in Section 3.3 about the proposed search procedure, i.e., each
variable unassigned in the last search was assigned prior to successfully assigned
variables in the consequent search (see item 2).

5 Computational Results

Our data set from fall semester 2001 includes 747 classes to be placed into 41
classrooms. The classes included represent 81,328 course requirements for 28,994
students. The results presented here were computed by SICStus Prolog 3.9.0 on
a PC with AMD Athlon/850 MHz processor and with 256 MB of memory.

Table 2 shows the computational results for the initial search and the sub-
sequent automated repair searches. Unassigned classes refers to the number of
classes with either time or classroom variables that were not assigned during
labeling. Satisfied time gives the percentage of how many encouraged times for
classes were selected. Unsatisfied time refers to the percentage of the discouraged
times for classes which were selected. Student conflicts estimates the percentage
of unsatisfied requirements for courses by students. Preferred classrooms mea-
sures the percentage of classes for which encouraged classrooms were selected.
The current data set does not include any preferential requirements which dis-
couraged specific classrooms.
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Table 2. Results of the initial search and the automated repair searches

Run initial repair I. repair II. repair III. repair IV.

Unassigned classes 19 15 10 5 3

Satisfied time (%) 83.6 81.1 79.4 79.9 79.7

Unsatisfied time (%) 4.1 4.3 4.0 4.0 4.0

Student conflicts (%) 1.6 1.7 1.9 1.9 1.9

Preferred classrooms (%) 77.6 49.7 49.0 48.3 49.0

The initial search procedure took about 2-3 minutes for the time labeling, one
step of the branch and bound search for classroom variables took 1-2 seconds.
The time labeling takes a longer time due to the preference propagation and more
complex constraints (e.g., cumulative) posted on time variables. The length of
the overall run depends on the number of repair steps, computation of the best
solution took about 15 minutes (one initial step followed by four repair searches).

Originally we started to solve the problem using a built-in backtracking
search algorithm with a variety of variable and value ordering heuristics. This
attempt did not lead to any solution after 10 hours of computations however.
Too many failed computations were repeated exploring parts of search tree with
no solution.

We can see that most of preferential requirements of instructors were satisfied
during assignment of time variables. The unsatisfied time percentage mostly
illustrates that a number of classes must be taught at unpopular times due
to the limited number of rooms available. Let us also note that these results
include default preferences for classes with no preferred times. The automated
repair search (see item 1 in Sec. 1) during time assignment was able to improve
on the initial solution substantially. The solution continued to improve through
four repair searches. Additional steps did not improve the quality of the solution
further.

One of the more important lessons learned here is that the disjoint2 and
cumulative constraints must be used together in a redundant manner to find
an acceptable solution (for description of both constraints see Sec. 4.2). The
cumulative constraints were able to introduce additional constraint propagation
for the time variables by informing them of the available room resources. Neither
cumulative nor disjoint2 constraints alone were able to find an acceptable
solution. Results using only the cumulative constraints left about 20 unassigned
classes. Using only the disjoint2 constraint resulted in 50 unassigned classes.

6 Related Work

Purdue University. Currently the timetable for Purdue University is constructed
by a manual process. An earlier approach examined for automating construction
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of the Purdue University timetable modeled the room-time assignment problem
as a multiple choice quadratic vertex packing and utilized a tabu search algo-
rithm [14]. This approach was further developed into a prototype system used to
create a schedule for large lecture classes in spring 1994, but was never adopted
by university schedulers due to inadequacies in the way it handled instructor
time preferences and student conflicts.

Constraint Programming. There have not been many attempts [18, 3] to apply
constraint programming to the solution of demand-driven timetabling problems
where it is not possible to satisfy all requests of students. Such over-constrained
problems require enhancements to the classical constraint satisfaction approach.
Once these are developed, we can apply all of the advantages of constraint
programming, including a declarative description of the problem together with
strong propagation techniques.

We have previously constructed a demand-driven schedule for the Faculty
of Informatics at Masaryk University [18] having 270 classes and about 1250
students. Conflicts of students between classes were controlled using a similar
cost function as in our current approach. Constraint logic programming allowed
implementation of a variety of constraints available in ILOG Scheduler [15]. Soft
constraints were implemented with the help of special variable and value ordering
heuristics defined by the preferences of particular variables in the constraints.
The timetable constructed was able to satisfy 94 % of the demands of students
and more than 90 % of the preferential requirements of teachers. Unfortunately,
it was not easy to extend this implementation to larger problems due to the
bound consistency algorithms in ILOG Scheduler. Since these algorithms only
propagate changes over the bounds of the domain variables, both constraint and
preference propagations were much weaker than there are now.

A solution of the section assignment sub-problem is included in Banks, van
Veek, and Meisels [3] via iterative addition of constraints into a CSP represen-
tation. Inconsistent constraints are not included in the final CSP representa-
tion, which allows solution of an over-constrained problem. This implementa-
tion, including its own constraint satisfaction solver, was verified using random
timetabling problems based on problems from high schools in Edmonton, Al-
berta, Canada. The largest data set included requirements of 2,000 students and
200 courses. They were able to satisfy 98 % of student demand on more than
half of the experiments. The solution presented is influenced by a special set of
times that must be assigned to each course. It conforms well to high schools, but
is rather different from the situation in university course timetabling. University
class meeting patterns are not as strict, which results in a problem with a variety
of additional requirements and preferences.

Other Approaches. The comprehensive university timetabling system described
by Carter [6] is characterized by problem decomposition with respect to both
type and size of final sub-problems. They were able to solve the problem for
20,000 students and 3,000 course sections. The system was used for 15 years at
the University of Waterloo.
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Aubin&Ferland [2] propose an iterative heuristic method to solve the problem
which alternately assigns times and students to course sections until no further
improvements to the solution can be found. The system was tested on data
from a High School in Montreal including demands of 3,300 students and 1,000
courses.

Robert&Hertz [16] decompose the problem into a series of easier sub-problems
corresponding to time, section, and classroom assignments and solve them via
tabu search methods. The method presented is able to generate an initial solu-
tion which can be incrementally improved after problem redefinition (negotiation
on initial constraints with teachers and students). The initial solution for about
500 students and 340 course sections satisfied approximately 10 % of the student
requirements and 80 % of the preferential requirements of teachers.

The local search heuristic procedure of Sampson, Freeland, and Elliot [19]
solves a problem having a smaller solution space with 89 course sections and 230
students. They were able to meet 94 % of the student scheduling requirements at
the Graduate School of Business Administration at the University of Virginia.

7 Conclusion

We have proposed and implemented a solution to a large scale university time-
tabling problem. We have constructed a demand-driven schedule which is able to
reflect diverse requirements of students during course enrollment. Our solution is
able to satisfy the course requests of 98 % of students. About 80 % of preferential
requirements on time variables were also met with only a small number of classes
taught at discouraged times (about 4 %). The automated search was able to find
suitable times and classrooms for 744 classes. The remaining 3 classes should be
possible to assign with user input.

Our proposal included a new solver for soft constraints which is of particular
interest for timetabling problems where the costs in the problem are directly
related to the present values for time and room assignments of classes. We have
proposed a special repair search algorithm which allows us to find a solution to
the problem (even when it is over-constrained). We have also discussed a special
set of cumulative constraints which, together with the disjoint2 constraint,
processes stronger constraint propagation.

Our future research will include an extension of the problem solution together
with improvements to the preference solver that has been described. Also, our
approach must be validated using data sets from other semesters.

Currently we are working on the inclusion of new variable ordering heuristics
which will process an interleaved labeling for both time and classroom variables.
We intend to process an earlier assignment of classroom variables for which late
labeling proved to be difficult or impossible. Other heuristics will be aimed at
improving the solution with the help of a pattern matching mechanism based on
the sets of meeting patterns in the problem.

We would like to do an extensive study of the proposed repair search algo-
rithm and its possible application to a general problem solution. We also intend
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to explore how it may be extended to the solution of the minimal perturba-
tion problem, which is very important for all timetablers. Once timetables are
published they require many changes based on additional input. These changes
should be incorporated into the problem solution with minimal impact on any
previously generated solution.

Purdue University currently relies on a completely manual process for con-
structing its timetable. A detailed comparison of results between the approach
described in this paper and the manual process for the full large lecture problem
is one of the next steps in our work.

A new approach for making initial student section assignments for courses
with multiple sections will also be examined in future work. This is required to
construct a joint enrollment matrix that is more representative of the probable
cost of having two classes overlap. An approach such as the homogeneous section-
ing used by Carter [6] is attractive since it tends to result in fewer classes having
joint enrollments with others. This simplifies the task of finding non-conflicting
assignments and appears to be an accurate representation when a final sectioning
process will take place after construction of the timetable.

We feel that the solution methods used for the large lecture problem should
be directly applicable to construction of the 74 academic unit timetables. Some
solution refinements may be necessary to simplify time assignments for intro-
ductory courses with large numbers of sections. Additional system architecture
work will also be necessary to allow unit timetablers to use local preference files,
and to work cooperatively if there is a high degree of interrelationship between
classes offered by the units.
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1 Multi-Neighbourhood Local Search

One of the most critical features for applying local search to timetabling prob-
lems is the definition of the neighbourhood structure. In fact, for most common
timetabling problems, there is more than one neighbourhood structure that is
sufficiently natural and intuitive to deserve investigation.

The reason for considering combination of diverse neighbourhood is related
to the diversification of search needed to escape from local minima. In fact a
solution that is a local minimum for a given definition, is not necessarily a local
minimum for another one, and thus an algorithm that uses both has more chances
to move toward better solutions.

There are actually many ways to combine different neighbourhoods. In this
work, we investigate the following three.

Neighbourhood Union: the neighbourhood is the union of many basic neigh-
bourhoods. A local search algorithm selects, at each iteration, a move be-
longing to any of the basic components.

Neighbourhood Composition: the neighbourhood is composed by chains of
atomic moves of a fixed length. Each atomic move belongs to a given basic
neighbourhood.

Token-ring search: Given a set of algorithms based on different neighbour-
hood functions, the token-ring search makes circularly a run of each algo-
rithm, always starting from the best solution found by the previous one.

All these three notions are not new, and they have been proposed in the
literature in similar forms (under various names). For example, the effectiveness
of token-ring search for two neighbourhoods has been stressed by several authors
(see, e.g.,[3]). In particular, when one of the two algorithms is used exclusively
for diversifying the search region, this idea falls under the name of iterated local
search [5]. As an example, we employed the alternation of tabu search and hill
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climbing using two different neighbourhoods for the solution of the high-school
timetabling problem [7].

The alternation of simple search and move chains is also the basis of the so-
called Variable Neighbourhood Search strategy proposed by Hansen and Mlade-
nović [4], which has been used in many applications (see, e.g., [1]).

Our contribution consists in the attempt to systematize the different ideas,
and to perform a comprehensive experimental analysis on a real application.

The case study we consider is the Course Timetabling problem. An ap-
plication built around the algorithms presented here is actually used to make
the working timetable at our university. However, the version of the problem we
present in this paper is simplified, by eliminating very specific constraints, so as
to reduce it to a more general form.

2 Local Search Kickers

As noticed by several authors (see, e.g., [5]), local search can benefit from al-
ternating regular runs with some perturbations that allow the search to escape
from the attraction area of a local minimum. In our settings, we define a form
of perturbation, that we call kick, in terms of neighbourhood compositions. A
kicker is an algorithm that makes just one single move, and uses a neighbourhood
composition of a relatively long length. A kicker can perform either a random
kick, i.e. a random sequence of moves, or a best kick, which means an exhaustive
exploration of the composite neighbourhood searching for the best sequence.

Random kicks roughly correspond to the notion of random walk used in [9].
The notion of best kicks is based on the idea of ejection chains (see, e.g., [6]),
and generalizes it to generic chains of moves (from different neighbourhoods). In
our experiments with kickers as part of a token-ring search, called Run & Kick,
the use of best kicks turned out to be very effective.

Notice that the cardinality of a composition is the product of the cardinalities
of all the base neighbourhoods, therefore even if the base neighbourhoods have
some few thousand members, the computation of the best kick for a composition
of length 3 or more is normally intractable. In order to reduce this complexity,
we introduce the problem-dependent notion of synergic moves. For every pair
of neighbourhood functions, the user defines a relation, typically based on equal
values of some move features, that specifies whether two member moves are
synergic or not.

A move sequence is evaluated only if all pairs of adjacent moves are synergic.
In order to build chains of synergic moves, the kicker makes use of a backtracking
algorithm that builds it starting from the current state. The algorithm backtracks
if a given component move has no feasible synergic move in the subsequent
neighbourhood.

The intuition behind the idea of synergic moves is that a combination of
moves that are not all focussed on the same features of the current state have
little chance to produce improvements. In that case, in fact, the improvements
would have been found by one of the runners that make one step at the time.
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Conversely, a good sequence of “coordinated” moves can be easily overlooked by
a runner based on a basic neighbourhood function.

Different definitions of synergy are possible for a given problem. In general,
there is a trade-off between the time necessary to explore the neighbourhood
and the probability to find good moves.

3 Course Timetabling

There are various formulations of the Course Timetabling (CTT) problem
(see, e.g., [8]), which differ from each other mostly for the hard and soft con-
straints (or objectives) they consider. For the sake of generality, we consider in
this work a quite basic version of the problem. The constraint types considered
are the following:

1. Lectures (hard): The number of lectures of each course is fixed.
2. Room Occupancy (hard): Two distinct lectures cannot take place in the

same room in the same period.
3. Conflicts (hard): Lectures of courses in the same curriculum must be all

scheduled at different times.
4. Availabilities (hard): Teachers might be not available for some periods.
5. Room Capacity (soft): The number of students that attend a course

must be less or equal than the number of seats of all the rooms that host its
lectures.

6. Minimum working days (soft): The lectures of each course must be
spread into a minimum number of days.

7. Curriculum compactness (soft): The daily schedule of a curriculum
should be as much compact as possible, avoiding gaps between courses.

In the CTT problem, we are dealing with the assignment of a lecture to
two kinds of resources: the time periods and the rooms. Therefore, one can very
intuitively define two basic neighbourhoods which deal separately with each one
of these components.

The first neighbourhood, Time, is defined by simply changing the period as-
signed to a lecture of a given course to a new one which satisfies the availabilities.
The Room neighbourhood, instead, is defined by changing the room assigned to
a lecture in a given period.

Given these two basic neighbourhoods we define the neighbourhood union
Time⊕Room, whose moves are either a Time or a Room, and the neighbourhood
composition Time⊗Room which involves both the resources at once.

We define 8 algorithms, obtained equipping hill-climbing and tabu search
with the four neighbourhoods: Time, Room, Time⊕Room, and Time⊗Room.

Moreover, we define two kickers both based on the composition of Time and
Room. The kickers differ to each other on the definition of the synergic moves:
one is more strict, requiring always same course and same period, the other is
more relaxed and allows also combination of moves on different courses.
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Our software tool EasyLocal++ [2] generates automatically the code for ex-
ploration of complex neighbourhoods starting from the code for the basic ones.
This is very important, from the practical point of view, so that the test for
multi-neighbourhood techniques is inexpensive not only in terms of design ef-
forts, but also it terms of human programming resources.

4 Outline of the Experimental Results

Up to our knowledge no benchmark instance for the CTT problem is made
available in the scientific community. For this reason we decided to test our
algorithms with three real-world instances from the School of Engineering of our
university. Real data have been simplified so as to adapt to the problem version
of this work, but the overall structure of the instances is not affected by the
simplification. These instances will be made available through the web.

The main features of these instances are reported in Table 1. All of them
have to be scheduled in 5 days of 4 periods each, for a total of p = 20 periods.

Instance no. Courses Lectures Rooms Conflicts Occupancy

1 46 207 12 4.63% 86.25%

2 52 223 12 4.75% 92.91%

3 56 252 13 4.61% 96.92%

Table 1. Features of the instances used in the experiments

The columns “Conflicts” and “Occupancy” show the density of the conflict
matrix, and the percentage of occupancy of the rooms (

∑
i li/r · p), respectively.

They are the main indicators of the instance constrainedness.
In order to obtain a fair comparison among all algorithms, we fix an up-

per bound on the overall computational time (600 secs per instance) of each
algorithm during multiple trials, and we record the best value found up to that
time. This way, each algorithm can take advantage of a multi-start strategy pro-
portionally with its speed, thus having increased chances to reach a good local
minimum.

We run the HC and TS Multi-Neighbourhood algorithms with the best pa-
rameter settings found in a preliminary test phase. Namely, the tabu tenure is
fixed to the range 20÷ 30 and the number of idle iterations allowed is 1 million
for HC and 1000 for TS.

From the results, it turns out that the HC algorithms are superior to the TS
ones for two out of three instances. Concerning the comparison of neighbourhood
operators, the best results are obtained by Time⊕Room for both HC and TS.

We take into account 3 types of kicks. The first two are best kicks with the
strict and the more relaxed definition of move synergy. To the aim of maintaining
the computation time under a certain level we experiment these kickers only with
step h = 2 and h = 3. The third is a random kick of length h = 10 or h = 20. In
preliminary experiments, we have found that shorter random walks are almost
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always undone by the local search algorithms in token-ring alternation with the
kicker. On the contrary, longer walks perturb too much the solution leading to
a waste of computation time.

Our results show that kickers implementing the best kick strategy of length
2 increase the ability of the local search algorithms independently of the search
technique employed. Unfortunately, the same conclusion does not hold for the
best kicks of length 3. In fact, the time limit granted to the algorithms makes
possible only to perform a single best kick of this length at early stages in the
search. Therefore, for instances of our size the improvement in the search made
by these kicks is hidden because of their high computational cost.

Furthermore, it is possible to see that for TS the random kick strategy obtains
moderate improvements in joint action with union and composition neighbour-
hoods, favouring a diversification of the search. Conversely, the behaviour of the
HC algorithms with this kind of kicks is not uniform, and it deserves further
investigation.
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� EXTENDED ABSTRACT

The availability�based laboratory�tutorial timetabling problem �ALTP� is a dis�
tinct and very di�cult problem faced regularly in many university departments
worldwide� As ever� the problem occurs in a great variety of forms� but we con�
sider here a particular form of the problem which we believe will become more
common in future� and which also happens to be the form of the ALTP which
is regularly faced by one of the co�authors�

In this extended abstract� we describe the problem� describe some approaches
to solving it� and describe some experiments� The full paper� if this is abstract is
accepted� will naturally expand on all aspects of this abstract but especially in
terms of results	 the full paper will also include complexity analyses of variants
of the ALTP�

The ALTP

We 
rst sketch out the scenario in which the ALTP arises� Imagine a thriv�
ing university running a highly modular degree scheme� whereby a number of
courses are being delivered� di�erent students tend to have di�erent timetables
and course options� and several of the courses being taken require laboratory
and�or tutorial sessions to be set up during the week� In particular� a course
will typically involve �� or maybe 
�� students	 the students will usually be
together in lectures� but need to be partitioned into small groups for laboratory
or tutorial sessions� So� the precise makeup of each such group� together with a
time and a place for each group� needs to be determined�

It is easiest to get a feel for the ALTP by considering increasingly complicated
versions of it� We will do this� but before that we will initialise by noting certain
assumptions which underlay most ALTPs� The main assumption is that the
basic lecture timetable is already in place� In other words� the only events for
which we need to 
nd times are the lab and tutorial groups �which 
rst need to
be speci
ed��� Another assumption� which is commonly true� is that there is a
designated room for each laboratory or tutorial session� That is� for example� all
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of the Systems Architecture laboratoray sessions will take place in the Systems
Architecture Lab� Finally� we assume that each student involved has provided
us with a list of available times� and an order of preference on those times�

The last of these assumptions may seem strange� and deserves some attention�
In the good old days in the UK� the great majority of university students had
student grants which �just about� covered their tuition fees and living expenses�
so that the student need not worry about work� and hence could get on with
the business of being a student� and also get on with studying� In more recent
times� there have been two key factors which have caused a massive shift in
student demographics� First� the grant system is now gone� and second� policies
of various kinds have led to a massive increase in mature students and part�
time students� The end result is that a very signi
cant proportion of the student
body have availabilities and preferences regarding their �free� time which the
University needs to take seriously�

In each of the ALTP variants we describe next� we therefore assume that data
includes a preference�ordered list of available timeslots for each student� In terms
of data input �and also in practice� this list already and conveniently takes into
account each students timetabled as well as personal commitments� Hence� there
is no need for software addressing the ALTP to consider pre�arranged timetable
data and student registration data�

In all ALTPs described next� we therefore assume that there are s students�
for each of which we have an array si of timeslots� associated with an array ci
of preferences� Eg� if si��� � 
� and ci��� � �� then student si is available at
timeslot 
� with a preference level of ��

ALTP�� The simplest form of ALTP� which we call ALTP�
� involves just
one course which requires lab or tutorial sessions� In ALTP�
� a course with
n students needs to be partitioned into g groups each of a maximum size m

�typically m �� n�� and a timeslot must be found for each of the resulting
groups� Clearly� the timeslot assigned to gi must be available to all of the students
placed in group gi� Above this� we would expect to maximise the degree to which
preferred timeslots were used�

ALTP�
 is therefore a straightforward partitioning problem�

The next form of the problem is ALTP�k� in which there are now k �greater
than 
� courses which involve labs or tutorials� We need a further array� ti�
associated with each student i� to identify which subset of these k courses the
student takes� For example� ti����� indicates that student i does not take course
�� and hence need not be involved in any lab sessions for that course�

The problem is now to 
nd a partition of students for each course� and times
for each group from each resulting partition� Further� we now must ensure that
the same student is not assigned to the same timeslot in partitions from di�erent
courses� That is� if A� Student is assigned to the Monday 

���am lab slot for
the Communications course� A� Student is not available at that time for labs of
other courses�

This is the most common form of the problem�
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A further form of the problem� which we do not consider here� can be called
ALTP�k�n� which is as ALTP�k� with the additional complication that students
on at least one of the courses need to be assigned more than one lab session per
week for that course �ie� m lab sessions per week� where m � 
�� Solutions to
this problem might simply produce one partition for such a course� but assign
two suitable times for each group in that partition� It may be necessary in some
cases� however� to produce up to m distinct partitions for such a course and
assign a suitable time to each group in each partition�

Heuristics and Metaheuristics for the ALTP

In this paper we will concentrate on the ALTP�k problem� for which we have sev�
eral archived real�world examples� Heuristics� Metaheursitics� and combinations
will be prepared� and where possible the results compared with hand�derived
solutions� Our aim is to develop a �exible� fast and robust way of solving this
problem which optimises well over the preference constraints while �of course�
meeting all of the hard constraints�

The heuristics experimented with will include�

Placement�� � A straightforward constructive technique which assigns students
one by one to a group for each course they need to take� maintaining integrity
of the developing solution as it occurs� Students are pre�ordered according
to di�culty� which is measured in terms of available times and number of
courses they take�

Placement�� � First derive a partition for each course via a simple heuristic
which tries to maximise the degree to which partitions between courses are
similar� That is� a partition for course 
 is 
rst derived arbitrarily� then
a partition for course � is initialised to be the same as for course 
� and
then repaired� and so forth� Then� times are assigned to each group of each
partition via a simple greedy heuristic�

I�P� � A randomised iterated version of Placement 
	 ie� running placement�

several times with di�erent student orderings�

I�P� � A randomised iterated version of Placement �	 ie� running placement��
several times with di�erent student orderings and course orderings�

The metaheuristics will be hill�climbing� simulated annealing� and an evolu�
tionary algorithm� each using two di�erent approaches� In the 
rst approach� the
chromosome represents an ordering of students for decoding by the placement�

heuristic� In the second approach� there will be two stages� in the 
rst stage
the metaheuristic aims to optimise the set of partitions so as to minimise the
potential con�icts bewteen groups in di�ernt partitions� In the second stage the
metaheuristic attempts to assign times to the groups in such a way as to satisfy
tehhard constraints and optimise over the preference constraints�

Preliminary Discussion

Most of the above methods have been tested on one or more di�erent real versions
of ALTP�k� We have yet to perform a systematic set of experiments comparing
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all of the techniques over a good range of problems� Although the placement
heuristics work quite well and quickly in terms of providing a feasible solution�
they are terrible at producing preference�optimised results� Evolutionary algo�
rithms along the lines discussed above have also been tried on di�erent ALTP
variants� and have produced good results� though quite slowly�

The full paper� should we be fortunate enough to have this abstract accepted�
will answer several burning questions concerned with which method works best
on a range of real problems� what the speed�quality tradeo�s are� and so forth�

The full paper will also include a URL via which source code will be available
for any who wish to either continue research on solving the ALTP� or actually
need to solve the ALTP�
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An Average Case Approximation Bound for

Course Scheduling by Greedy Bipartite

Matching

Gary Lewandowski1, Prakash Ojha2, Jennifer Rizzo1, and Abigail Walker1

1 Xavier University, Mathematics and Computer Science Department,
Cincinnati OH 45207-4441, USA {lewandow,rizzo,awalker}@cs.xu.edu

2 Hope College, Computer Science Department, Holland MI 49423 ojha@cs.hope.edu

1 The Problem we are studying

1.1 Which scheduling problem?

We are studying the combined problem of generating a timetable and student
schedules from initial data that includes student course requests, the number of
sections allowed of each course, the maximum number of students allowed into
each course, and the maximum number of times available in the timetable.

Our approach extends to handle issues of time constraints for instructors,
time requests for students, and limitations on room availability but we do not
consider these in this paper.

The goal, given the initial input, is to develop a timetable indicating the
time at which each section of a course will be offered as well as a schedule for
each student indicating the times at which the courses requested are scheduled.
The timetable and schedules should be constructed to minimize the number of
conflicts experienced by the students.

1.2 Metric for counting conflicts

Initial input to this problem is a set of course requests from each student. Upon
completion each student has an actual schedule listing the particular sections
into which the student has been placed. The difference between the number of
courses requested and the number of timeslots used by the actual sections is the
number of conficts experienced by the student.

This metric recognizes two ways of handling conflicts: a scheduling algorithm
could either schedule the student into sections that are scheduled simultaneously
or simply not schedule the student into sections that will have conflicts (i.e. if
two sections are at the same time, the student will get one of those courses but
not both).
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2 Our focus

Our interest in this study is approximation bounds for the problem. In particular,
we want to know if we can prove any approximation bound at all on the quality
generated by a heuristic solution.
While many techniques have been used to approach school timetable prob-

lems, little work has appeared discussing the quality of solution. T -coloring
graphs is related, and bounds have been proven using randomization, by Vitanyi
[3], and semi-definite programming, by Frieze and Jerrum [2]. However, the def-
inition of a conflict in coloring is different from a conflict in course scheduling
so these results do not immediately apply. Berry, Condon and Halsey [1] were
able to adapt Vitanyi’s result to show that in the case of single-section courses,
randomly scheduling each course yields a 1/(1− 1/e) approximation algorithm,
but it has proven difficult to adapt Frieze and Jerrum’s result.
Our study examines bipartite matching as the basis for a greedy approxi-

mation algorithm. The heuristic to build the timetable and student schedules
is very simple. Given a randomly ordered list of student course choices, each
student’s choices are processed as follows: construct a bipartite graph consisting
of the courses desired by the student in one component, and the T timeslots
in the other component. Edges are placed between course i and time j if the
course has an unfilled section scheduled at time j, or if the course has a section
that has not yet been scheduled. After building this bipartite graph, bipartite
matching creates a match between courses and timeslots. The matching provides
a schedule for the student and may also cause a section to be scheduled if the
timeslot with which a course is matched has not already been assigned a section
of the course.

3 Theoretical Results

The quality of approximation achievable using the bipartite matching heuristic
varies with the number of sections available for each course. Our analysis makes a
simplifying assumption that students choose their courses randomly. While this
does not appear realistic, our empirical tests indicate this assumption appears
to be a cause for underestimating the quality rather than overestimating.
Our first result shows that when each course has a single section, this heuristic

achieves an approximation ratio < 1/(1−1/e), i.e, we can prove the performance
is better than random assignment of times to sections, but cannot prove it is
much better.
Our second result analyzes the case of each course having two sections. We

are able to show that the approximation ratio ρ is between 1/(1 − 1/e2) and
1.255. That is, average use of greedy bipartite matching yields results with at
most 25.5% more conflicts than optimal. Empirical results show that in practice
we see an average of about 18.5%.
Analyzing the algorithm beyond the case of two sections per course proves

untractable and we turn instead to simulations and empirical studies.
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4 Empirical Evidence

Bipartite matching
1-1/exp(y)

1 1.5 2 2.5 3 3.5 4 4.5 5
x=Timeslots/courses per student 1
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Fig. 1. Varying T/r as well as section ratios

We simulated the algorithm on a wide variety of cases, varying the number
of timeslots, number of courses requested by the students, number of section,
and number of student. Figure 1 shows our main results, plotted as 1/approxi-
mationRatio. We see that

– as the average number of sections, s, increases, the quality of the solution
increases correspondingly, following the curve 1/(1− 1/eΘ(s).

– if the number of timeslots T does not equal the number of courses chosen
by each student, r, then the approximation bound follows a curve which is
roughly 1/(1− 1/eΘ(s∗T/r).

5 How this compares to other aproximation techniques

Having analytically discovered the greedy bipartite matching algorithm should
give promising results, we next studied it in comparison with simulated anneal-
ing.
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We report here early results and are working on a more tuned version of
simulated annealing for a better comparison. Our initial results indicate that
the matching heuristic is competitive in quality with simulated anealing. In
Table 1 we display the results of our first study. The data sets are named
as numberOfSections-totalSeatsDesired-totalAvailableSeats, e.g. 2-653-900. The
seats desired is simply the total number of course requests by students. The
total available seats is the number of seats allowed per section times the total
number of sections in the timetable. We report the highest, lowest, and the me-
dian number of conflicts over five runs of each algorithm. We also include the
approximation ratio.
Table 1 indicates that simulated annealing does much better if only one

section is available per course, but the two methods are relatively comparable
when there are two sections of each course.

Data Set Simulated Annealing Bipartite Matching
h l m approx ratio h l m approx ratio

1-40-100 40 40 40 1.000 39 34 36 1.111
1-70-100 70 70 70 1.000 70 57 59 1.186
1-650-900 650 650 650 1.000 512 480 504 1.290
1-2800-3750 2767 2608 2713 1.032 1935 1891 1926 1.454
2-38-100 38 38 38 1.000 38 36 38 1.000
2-36-200 36 36 36 1.000 36 35 36 1.000
2-72-200 72 72 72 1.000 72 70 72 1.000
2-653-900 639 635 637 1.025 622 605 617 1.058
2-2556-3000 2397 2384 2395 1.067 2378 2358 2364 1.081
2-6922-15000 6278 6244 6258 1.106 6186 6173 6181 1.120
2-6952-25000 6425 6396 6413 1.084 6309 6256 6282 1.107
2-10382-15000 9320 9257 9262 1.121 9207 9185 9195 1.129
2-10422-25000 9475 9404 9439 1.104 9329 9278 9307 1.120
2-13849-15000 12402 12211 12243 1.131 12230 12117 12154 1.139
2-13880-25000 12509 12159 12443 1.115 12336 12301 12322 1.126
2-20363-25000 18208 18157 18190 1.119 18128 18103 18110 1.124

Table 1. Simulated Annealing and Bipartite Matching results
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Abstract. This paper describes the software package IPS, which was
developed for personnel-planning in laboratories related to health care.
We describe the characteristics of these laboratories, and review how IPS
tries to assist the planner. In particular we give a description of the task-
generator in IPS, and explain the assignment algorithm that is behind it.
Its main characteristic is the introduction of profiles, which easily allows
the user to steer the algorithm.

1 Introduction

The planning of personnel is both at the heart of the human side of an organ-
isation and open to increased efficiency through technical aids. The theory of
automated time tabling must be such that it does not eclipse the practice of
planning the work times of people.

The typical user of IPS in laboratories, chemists, X-ray departments, opera-
tion departments has to deal with the attendance of the workers, their holidays
and which task or work-place they shall occupy during their work. The concern
of the worker is that there is a good rhythm to the tasks he does and he does
not work more of the disliked tasks or shifts than his colleagues.

IPS is designed particularly for the situation in which a number of tasks
are to be carried out by skilled employees during a period of at least half a
day3. Previous attempts to do this planning by hand were time-consuming and
achieved in an ad-hoc manner. The idea of the generator was to provide a tool
to arrive at an optimal match between the tasks that have to be done and the
available employees. It should be flexible in its approach, to cater for different
and changing organisations.

The generator comes into action at the end of a long process of planning,
in which the information, relevant to the organisation, is input and maintained.
This process can be summarised as taking place in a number of stages.

The first stage is the long term planning in which attendance, night shifts and
roster-free days are planned in advance; then there is the middle-term planning
in which holidays are planned and shifts swapped; and finally the short-term
planning in which the roster focuses in on the tasks that have to be done.

3 That a task lasts at least half a day is not very essential. Essential is that any two
tasks either are disjoint in time, or overlap in time.
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Cyclical rosters achieve the long term planning. These rosters provide a reg-
ular cycle of day shifts, evening shifts, night shifts and roster-free days. This
ensures a variation in the work and a fair sharing of shifts such as night shifts.

The roster is in the middle term adjusted with the practice of holidays,
absence and shift swapping.

Finally we come to the allocation of who does which jobs. These tasks are
jobs that can be done by a number of specialist individuals and the puzzle is to
match the jobs to the qualified workers. This is where the task generator of IPS
is used.

2 The Task Generator

2.1 Tasks

The situation in laboratories as we consider is that an employee is assigned to
a task in the morning and in the afternoon. The task generator assigns tasks to
employees that are qualified for it, and are available. These are facts that are
known in advance. In a run of the algorithm we assign the tasks of (typically) a
week to a group of employees that usually consists of 50 to 100 persons. Such a
run should take at most a few minutes. In IPS three types of tasks are distin-
guished:

half-day task: This kind of task is required to circulate as much as possible
among all people that are qualified to do it. Hence in the morning and the af-
ternoon different people should do this task.

day task: This task should be assigned to the same person during the morning
and the afternoon, but the next day a different task for this person is required.

week task: This task should be assigned for the whole week to one person.

It will depend on the particular situation which of the types ‘day task’ and ‘week
task’ correspond to their working pattern: some prefer to give the employees the
same task during the day, while others do this for the whole week. The first type,
the ‘half-day task’, usually is connected with the boring tasks. As an example
one can think of the task of answering the telephone.

Apart from the requirements of the type of task, the most important aspect
we have to cope with is the ‘history’. By this we mean how often a person has
worked on each of the tasks over the previous weeks. The tasks for the week we
want to plan usually are aimed to provide variation from the previous weeks,
but can also aim to maintain workers in the same tasks.

In practice there might occur extra requirements with respect to the schedule.
We mention two important ones, though the mechanism of ‘profiles’ (see below)
is general enough to incorporated several other requirements as well.

1. Priorities. Some tasks are more important than other tasks. This means that
these tasks should be assigned first to cater for cases where not all tasks can
be assigned.
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2. Supervisors. There are tasks that require the presence of extra qualified
employees. The task is accomplished by a team, of which one acts as a
supervisor without the task ‘supervisor’ being specified separately.

2.2 The algorithm

We have chosen an approach that makes a schedule optimal for certain criteria,
and improve it by local search. To incorporate the extra requirements we work
with ‘profiles’. A profile consists of a number of employees, tasks, type of tasks
and the next profile. This way we get a chain of profiles, which we treat con-
secutively. At first the top profile is active. We select all tasks and employees
in it, and give to the combination of task and employee a score depending on
skill (qualification), history, and the relation to the history, as specified in the
profile. The tasks and employees in the lower profiles are also incorporated, but
the available employees get a very low score, equal for all of them. This expresses
the fact that, at the moment, we are not interested where these employees are
scheduled, but only that it is possible to schedule them. The actual scheduling
of these lower profiles will be done at a later stage.

The first step is finding the optimal match for each half day. This is done by
the (weighted) Hungarian method. The resulting matching is the starting point
for the second step: improving the matching. The way to improve it depends on
the type of tasks. In case we are handling half-day tasks or day tasks, we change
the scores for other days immediately.

The procedure for week tasks is more intricate and interesting. After all days
matchings are computed, a new score is considered, composed of two parts: the
first is the percentage the employee is available for tasks in the week to plan.
The second part is the percentage that the task is assigned to the employee.
Consequently the maximal score is 200. Next we determine the combination
task-employee with the highest score. We check if it is possible, without loosing
maximal matching, to assign this combination during the whole week. If so, we
assign the combination permanently (we fix it), and we proceed with the next
best task-employee combination.

In practical situations this procedure works quite well: usually the tasks
for several persons are already the same or ‘almost’ the same during the week.
Employees that work the most during the week we are trying to plan, are assigned
the week tasks first, due to the score we introduced. This seems quite reasonable,
since these are employee are the most difficult to fit in at the end.

When all task-employee combinations are tried, we come the the final step.
We repeat the procedure above, but now without requirement of assignment for
the whole week. So we calculate the scores in the same way as above, and find
the best task-employee combination. We assign this combination, and lower all
other scores of this employee by 200. This forces the algorithm to consider first
other employees, i.e. those for which no tasks have been found sofar. Once all
employees have been considered, we continue with the tasks that are left over.
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3 Appraisal

The system IPS was developed 2 years ago, originally with a priority-based
algorithm for the task scheduling. It turned out to be hard to steer this algorithm
to a result that is considered a ‘good’ planning. From several sides the question
came to incorporate the possibility of requirements as described in the sections
2.1 and 2.2.

The new algorithm has been rigorously tested (and is now in daily use over
several departments) at Canisius Wilhelmina Ziekenhuis Nijmegen Administra-
tion and X-ray departments and in the Medisch Laboratorium Noord, Gronin-
gen in two Laboratory Departments. Critical points on which the algorithm were
judged was the sharing of unwanted shifts such as telephone duty and the conti-
nuity in the allocation of standard tasks, workers doing where possible the same
task over a week. Use was made of the profiles to generate a planning over the
various task-sorts.

The success of the algorithm lies in the fact that the generator improved
the success of task-planning, while providing an enormous saving in the time
previously needed to make the planning. The planner is able to trust that the
algorithm provides a solution that both planner and workers can happily accept.
Following on the success of the above mentioned test-sites, the generator is also in
increasing use in the growing number (now over thirty) of hospital departments
where IPS is used.
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Maintenance of high level nursing care is a primary factor in the provision
of quality health care in hospitals. A head/chief nurse must assign nurses to
each shift according to numbers and skill levels required. However, limitations
to individual workloads make this task laborious and time consuming. To clarify
the complexities of the scheduling problem, we administered a questionnaire to
head/chief nurses of 40 units at Tokyo Women’s Medical College Hospital in
1994, before extending our survey to a total of 315 units of 23 hospitals in 1997.
Based on the information we collected, we have been able to design a nurse
scheduling model. The survey clarified the characteristics of nurse scheduling in
Japan as follows:
(1) The scheduling period is monthly (sometimes 4 weeks).
(2) Nurses are grouped for scheduling according to skill level and the patients
they are responsible for.
(3) Most nurses work rotating shifts.
(4) These nurses work in rapid shift rotation.
(5) The skill level of the team is considered carefully due to a lack of nurses,
particularly skilled nurses, to schedule (mainly due to high turnover caused by
early resignations).
(6) Scheduling must account for nurses’ requests.

These characteristics create constraints involving more than one group, such
that scheduling cannot be developed for each group autonomously. In addition,
balancing workloads for shorter scheduling periods is difficult, as nurses’ pref-
erences must be considered. Constraints were also found to differ among nurses
as well as among days in the scheduling period. Thus we determined that exist-
ing algorithms for nurse scheduling are not applicable for use in most Japanese
hospitals because they apply mainly to nurses working a fixed shift [1] or a slow
shift rotation [2], or to shorter scheduling periods [3].

Our nurse scheduling model accounts for the two types of constraints: a set
of ‘shift constraints’ and a set of ‘nurse constraints’. Shift constraints maintain
the desired level of service in terms of numbers and skill sets for each shift,
where each of the shift constraints sets the lower bound and/or upper bound
for the total number of nurses working in each shift as well as within each
group. Nurse constraints consider the workload of each nurse in relation to: (1)
the number of days off, day shifts and night shift within a given range; (2)
preferences for days off, attending seminars etc.; and (3) arrangement of shifts
as certain arrangements are deemed detrimental to nurses’ health. The objective
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in Japan, rather than to minimize costs, is to make a schedule which satisfies all
of these constraints.

We first defined a subproblem for a specific nurse to minimize the degree
of violation for the shift constraints, using the specific nurse’s constraints and
the schedules of other nurses as specified by a trial solution. Starting from an
appropriate trial solution, our approach solves this subproblem for each nurse
and accepts the best solution from the results as the next trial solution. It
continues this process until the objective value is zero.

Based on this approach the algorithm for a 2-shift system creates a schedule in
two phases: Phase I finds a schedule that satisfies all the constraints associated
with nightshifts and the dayshift lower bounds, and Phase II completes the
schedule by satisfying the remaining constraints. The algorithm repeats the same
process according to our approach in each phase. However, for a 3-shift system,
we cannot construct such a phased algorithm because of the many constraints
associated with the arrangement of shifts. Therefore our algorithm for a 3-shift
problem finds a monthly schedule for a specific nurse by combining schedules
for shorter periods (e.g., 7 days) in the subproblem. We use a branch-and-bound
algorithm and other heuristics to solve the subproblem. Here we will describe
only the algorithm for a 2-shift system.

In Phase I, we prepare a set of individual nightshift schedules for each nurse
that satisfy personal requirements as well as general requirements applicable
to each nurse. The nightshift schedule contains additional information about
whether the nurse is available for dayshifts on the remaining days. A modified
objective function then ignores the dayshift upper bounds. All feasible schedules
prepared by this process are compared at each stage of computation for each
nurse in terms of the value of the objective function, given that the other nurses’
schedules are specified by the current trial solution. Finally, the best solution is
chosen from the best solutions found for each nurse. This solution in turn will
be used as the next trial solution to define the new optimization problem to be
solved at the next stage. For the first trial solution we use a ‘dummy’ solution
that assigns no nurse to any shift on any day. We also isolate the specific schedule
that produced the current trial solution from future comparison processes to
avoid creation of a loop. The iteration is continued until we have a schedule for
which the value of the objective function is zero. The same process is carried out
in Phase II, except that we prepare a set of completed schedules for each nurse
based on the result from Phase I. Each phase of our algorithm is equivalent to a
tabu search. The neighborhood around the current solution is a set of schedules
that can be obtained by changing a feasible pattern for a single nurse.

A modified algorithm examines only those schedules in Phase I that have
little difference from the current solution, where the difference is defined to be
the number of days whose night shifts are staffed in one solution while not in
the other. Our algorithms produced feasible schedules for two sets of actual data
provided by Tokyo Women’s Medical College Hospital. Compared to our original
algorithm, processing time was reduced by more than 80% for the same sets of
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data when applying our modified algorithm, enabling head/chief nurses to create
a schedule for a 2-shift system within only a few minutes.
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1. Warner, D.M.: Scheduling nursing personnel according to nursing preference: a
mathematical programming approach. Operations Research 24 (1976) 842–856

2. Randhawa, S.U., Sitompul D.: A heuristic-based computerized nurse scheduling sys-
tem. Computer & Operations Research 20 (1993) 837–844

3. Dowsland, K.A., Thompson, J.M.: Solving a nurse scheduling problem with knap-
sacks, networks and tabu search. Journal of the Operational Research Society 51
(2000) 825–833

student2
  181



��������	
 �
�	�
 � ��
��������
�������� ���������	
 ������

����� �����	� 
�� �	��
�� �
�	
����

���������� 	
 �	������ 
������

��������	� ���������� 	
 ��� �����

�����
����� �������  ����!

�����!" ���������� ��	
��
����
���

��������

�������� �	���
��	�
 �������� ������ ������� �� ��	���
����� ���

� ��� �� ����� �
�� ���� �� �� �������� �� � ��� �� ���������� ���
 �
���
��� �������������� ����������� ��� ������������ �
� ��	���
����� ��������
������� ��	�������� ��� �������� �� ��
���� ���� 	����� ���������� ���
 ��
�������	 �
� ������� ����� �� �� ��������� �������� �� ���� ����	 �������
���������� �
�� ����� ��������� �� �
� ����������� �� ���� �� ������
	���
�������� ������
 ��� ���� ����� ���� ��� �������� �� ��	���
������� ����� �
�� ����

�� ��������� �
��� ���! �� �� ����������� ���� �
��� ��
����	 �� ����
	����� ������������ "���� �
� ����������� ���������� ��� �������� �� �����
� ��
������ ���������� ��������� �
�� ���� �
��� ������� ��	��������� ���

�
� ������� �	���� ��� �������� ��� �
��	�� �� �
��� ��� ����������
#� �$����� ��� ���
 ����%���� ������� �� �
� ������������ �� � ������

��������� �� ������ �� ������� ����� �� � ���	� 
�������� ���
 ���� �����
� ������ ��������� ��� ��� ������� �
�� �������� �
� �
��� ��� ���� �������%
������ ���������	 �� ������� ���� �
� ������& �������� ������������ �
�
	��������� �� � ������ ��
����� ��� �
� ������ �� � ���� �� ��������� ���%
������ �� ���
 ���� ��������������
'���� �� �
� ����������� ����������� � �������������� ���� ��� ���

�
� ������ ���� �� ������������ (���� �
� ������ �� ��
����� ���� ���
�
� ��������� �
�� ����� ��� ������� �� 
������� �����	 ��������� ���
 �
�������������� ���� 	�������� ���������� ����������� ������� �
� ������
��
������ �� �
� ������
(���� �
� �������� ���������� ��� ����� ��� 	�������� �������� �
� ���%

�������� ����	 �
��� ����������� ������� �� �
� ������ �� ��������������
��
������ 
��� �� �� ��	������� ����	 �
� ��
������	 �	���� �� �
� ������
�
� 	������ �������� �� ��
������	 �	���� �� �
�� �� ����������� �����
�

#	���� ����� �
��� ����� ����	����� ������� ��� �������� ��� �����	�� ��

�

student2
  182

student2
  183



���� �
��� ����� ��
������ ���������� ���
 �
� 	����� ����������� �� �����%
���������� �
�� �������� ����� �$����� ���� �
� ������ �� �	���	����� ����

���
	�� �������� ������ ��� ����������� �����
 ��	����
�� )*+� �
� �	����
�
�� 	������� �
� ������ ��
������ �� �
� ����� ��� ������ �������	�

�
���� ������
�
� ����� ���� ������	���	����� �������� �	���
��	�
 ������� ,-���.

�� �� �������� �� ����������� ����������� �������� /�� -01 
�� � �������
���������� �� �
��
 �
� ����� ����������	 ������� �� ����� ������$ ��� �
�
	����� ������� �� ���� ���	�� 2�� ��� �
��� �� � -��� �� � ������� ��
��
������	 �	�����
�
� ������� ����� �������	���� �������� ���
��� ��� �������� �� (#��

/� ��� ������ �� �������� �� ����	� ��� �� �
� �	���� �� �
� �����
� �
���
,0#.� #�� �	���� ����������� �� ������	 ��� ��������	 �����	��� (#�
���� �
��� ����� ���������� �� �
� ������� �	���� �
� 0# �
���� �
� �����
���������� ��� ���3���� ���
 	����� ����������� ��� ������� �
��
 �	����

��� �� �� ��������� �� �
��	� �
��� ����� ����������� '���� �� �
�� ������
��� ���������� ��	����
�� ��� ������	 -���� ��� �������� ��� ���������
�
��� ��� ��� ���� ����� �������� �� ��	����
�� ��� ������	 ����������	

�������� % �$
������� ,�� ��������. �����
 ��	����
�� ��� ����
����� ,��
�����. �����
 ��	����
��� �$
������� �����
 ��� 	� �� �������������� ��
��� ��� �������� ����������� �
��� ����
����� �����
� ���������� �������� ���
��������� ����
��	 � �������� /� 
�� ���� �
��� �� �
� ���� )4+ �
�� ���
����%����� ����� ����
����� �����
 ���
��� ���������� �������� �����

�� �Æ������ ������ (������ �����
 ��	����
�� ��� ����������� �����������
�������� 
��� ���� �������� �� �
� ���� ������ )5� *+� 
������� �$�����	
��	����
�� ��� ������	 -01� ��� ��� �$
�������� 1�����
����� �� 
��� �����
�
�� ���
 ���
��� ��� ������ �� ������	 -�����
2�� �������
� �������� 
���� ���� �$
������� �����
 ��� �
� (#�� /�

�
�� �������
� �
� (#� ������� �
��� �$
�������� ����������� ��	����
�
������������� ���
 ��� ����� �������� �
�� ��� �� ���� �� � �����	� ��
�
� 0#� �
�� ���
�� �� ����� �� �
� ���� �
�� ��� 	����� �������� ����
������ ����������� ��� ����� ��������� ���� ���
 (# ,���� ��� ���
 ����
�� �
� 
������� �� ��� �$�����.� /� ����� �� ������� �
� ������� ���������
�
� 0# 
�� �� �����
 ����	 �
� ��� �� ����� ���������� �
��� ��� ������
�����	�� ������������ ��� ��� ������ �
�� �������� ��� �
� 	����� ,�����%
�	���. ������������
�
� �������	� �� �
� �$
������� �����
 �������
 �� �� ��&� 
�	
 ��	���

�� ������������ /� �������� �� �� 	��������� �� ��� � 	����� �������� �� ���

� �������� �$����� 6������� ��� ���� ����� ��������� �������� �����
 ���
�� ���� ���� )4+ �
/� �
� ������ �������
 �������� �� �
�� ������ ���
 (# ���� �����

�����
 �� 	������� ��� ����� ���������� ���
 (# ��� ��� � ����� ���������
���������� ����� ��� �
�� �� ����� ��� � �������� ���� �
� ������� �	����
�� ������� �
��� ��������� �
�� ������� �� ������ �� �
� 0# ������� ��
������� ���� ���������� 	����� ���������� ����������� 7��� ��������	 ���


#

Administrator

student2
  183

student2
  183



� �����	�� �� (# ������� ��� ����� �����
 ,���� 
��� �������	. �� ����� ��
��� �� �������� ���������
�
� �������	� �� �
� ����� �����
 �	���� �������
 �� �
�� �� �� ������ ��

������	� ������� �� ���� 	����� ��������� �� ����	 �
� ������	� �� ��������	
����� ����������
�
� ���� �������� �� �
�� �������
 �� �
�� �
� 0# ��� ��� ������

���������	 ������ �� �����
��	 ��� � 	������� �������� ��������� ����� �����
��������� ������� ���� ��������
�
� ����� �������� �
� ��
����� �� �
� ����� ��� �������
�� �� ��%

������� ��������� �� -����� �
� ����� ���� ��� ���� ����� ��������� ��
����� �� � ���	� 
�������� �
� ����������� ����	 ���������� �� �
� �����
��� ������ ����� ����������� �� �
� ������ �� ������ �
�� 
��� �� �����%
������ �� ���
 ��������� �� ���
 �� �
� ����� �
����� �
� ������� �����%�	���
���������� �� (#� ��� �� ����������� ���� ������ �� �
� 0# ��� ��� ����
������ �� ���������� �� ������� ������ �� �
� ������ �� ������ �� � �������
	���� �� ���
 �� �
� �
�����

����������

$�% &��	� '����!� ��( &�(��� 
�����
) 
	!���� ���!	��� ������*!��� ��	*!���
*� ������!�+�( !	��! ������) ����� ���	
�� ��
 ��	����� �"#��,--�� '��� �...)

$#% �) 
	!	�	����/�� 0) ��(��� ��( &) '����!�) '	(�!��� ��( �	!���� (�����*���(
�	�������� �����
����	� ��	*!��� 1(����2� �..3) 
�*�����( �	 �4.3� 5�*�����
�..3)

$-% ') 6	/		� 0) 7) ���
��� 8)  ���(�� ��( 9) 9�:�*���) ������*���( �	��������
�����
����	� ��	*!��" 5	���!�+���	� ��( �!�	������) ���� ������ �� ����

��� ��� ����� ��"3;-,3��� �..�)

-

student2
  184

student2
  183

gvb



Relaxation of Coverage Constraints
in Hospital Personnel Rostering

Patrick De Causmaecker and Greet Vanden Berghe

KaHo St.-Lieven, Information Technology,
Gebr. Desmetstraat 1, 9000 Gent, Belgium

{patdc,greetvb}@kahosl.be

Abstract. Automated personnel scheduling deals with a large number
of constraints of a different nature, some of which need to be satisfied at
all costs. In hospitals in particular, it is unacceptable not to fully support
patient care needs. In addition to personnel coverage constraints, nurse
rostering problems deal with time related constraints for all the person-
nel members arranging work load, free time, and personal requests.
Real-world nurse rostering problems are usually over-constrained but
schedulers in hospitals manage to produce solutions anyway. In practice,
coverage constraints, which are generally defined as hard constraints, are
often relaxed by the head nurse or personnel manager.
The work presented in this paper builds upon a previously developed
nurse rostering system that is used in several Belgian hospitals. Nearly
all the data in the model are modifiable by the users. This enables a
large number of very diverse teams to cover the hospital needs, while the
system offers a general approach for calculating solutions. Drawbacks are
the possibilities for users to define parts of their problems in such a way
that they cause difficulties for the algorithms to find good quality or even
feasible solutions.

We introduce a set of specific algorithms for handling and even relaxing
coverage constraints, some of which were not supposed to be violated
in the original personnel rostering model [4, 6, 8]. The motivation is that
such practices are common in real scheduling environments. Relaxations
enable the generation of better quality schedules without enlarging the
search space nor the computation time.

Keywords: timetabling, nurse rostering, personnel scheduling

1 Introduction

Automating the personnel scheduling process of large organisations increases
the quality of the personal schedules [2–4, 14]. Compared to manual scheduling
approaches, timetabling heuristics reduce the computation time considerably [6,
8, 15].

The relaxation of coverage constraints is part of the development of a nurse
rostering package developed for practical problems. Plane is designed to meet the
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requirements of personnel rostering in Belgian hospitals. Cyclical scheduling is
very unusual in these practical health care environments because the round the
clock work is irregular, part time contracts are common, nurses want the freedom
to choose days off and holiday periods freely, the personnel requirements fluctu-
ate more than in most other personnel scheduling problems (such as employee
scheduling in banks, shops, crew scheduling in public transport, etc).
It is the main objective of Plane to construct a schedule that respects as many
soft constraints on personal schedules as possible (see Burke et al. [6]), while
maintaining the personnel coverage at any time. In real rostering environments,
feasible schedules are very rare and are often less attractive than under- or over-
staffed schedules with lower soft constraint violations. In this paper, we present
a set of flexible algorithms for increasing the quality of the solutions by relaxing
appropriate hard constraints. Some of the algorithms are interactive, others co-
operate with the meta-heuristics that generate the solutions. The methodology
can be adapted to different practical contexts of hospitals and it can be extended
towards other timetabling and scheduling approaches.

Section 2 schematically introduces the sort of problems tackled in this re-
search. The constraints and their contribution to the quality of the schedule are
explained briefly. The scheduling options and planning algorithms contributing
to better satisfying the constraints on personal schedules, provided that some
hard constraints can be relaxed, are explained in Section 3. Section 4 presents
test results of the relaxations for real world problems. We draw conclusions on
the approaches in Section 5.

2 Problem Description

Different personnel scheduling approaches can have widely varying objectives.
The personnel rostering problem in this paper concerns finding a good quality
schedule that satisfies the coverage constraints. The quality of a schedule is
expressed by its value of the cost function, counting the violations of time related
constraints.
We briefly explain the terminology used in this nurse rostering approach:

- shift type A shift type is a personnel task with a fixed start and end time.
Unlike in other organisations, hospitals require more shift types than the
regular early, late, and night shift. The number of different shift types is T.
In the representation of the problem, we define a assignment unit t for each
shift type, whether or not they represent overlapping shift types. For more
details about the representation we refer to [6].

- skill category Personnel members in a ward belong to skill categories. The
number of different skill categories in the model is Q. The categories are
based upon the level of qualification, the experience, and the responsibility of
the nurses. Examples of skill categories are: head nurse, regular nurse, junior
nurse, caretaker, etc. When personnel members are allowed to replace people
belonging to other skill categories, they are said to have alternative skills.
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This allows for a more complex replacement model than the hierarchical skill
categories.

- work regulation Hospital personnel have work regulations or contracts
with their employer. Most healthcare organisations allow several job de-
scriptions such as part time work, night nurses, weekend workers, etc. Each
of these regulations is subject to a different set of constraints.

- schedule A two-dimensional structure S in which the rows p (1 . . . P)
represent the timetables for all the personnel members. The columns denote
the assignment units and there is one assignment unit per shift type and
per day t (1 . . . T), where T = S ∗ D and D is the number of days in the
planning period.

We define the coverage constraints as the required number, minimum or pre-
ferred, of people of each skill category at any time (or shift) in the planning
period. They belong to the category of hard constraints so they must always be
satisfied, i.e. at least the minimum number of personnel and at most the pre-
ferred number should be scheduled at any time.
All the time related constraints on personal schedules are soft constraints. They
will preferably be satisfied but violations can be accepted to a certain extent.
Examples of such constraints are overtime, undertime, maximum number of as-
signments per week, minimum number of consecutive working days and free
days, personal requests for days or shifts off, personal requests for working a
specific shift on a particular day, cyclical patterns, etc. An extended list of such
constraints can be found at the web page [19]. In our approach, planners can
set the cost parameters of the soft constraints and even modify the constraint
definition. The modular cost function sums all the violations of soft constraints
multiplied by this cost parameter. For details about the evaluation function, we
refer to [6].
In Fig. 1, we briefly introduce a few examples of soft constraints which, in our
approach, play an important role in the relaxation of hard constraints. The set
contains mainly constraints for which the point in time is relevant, such as special
personal requests for specific days. Although these constraints are soft, it might
be unavoidable to violate them in the feasible part of the search space. Their
dominant influence on the satisfaction of coverage constraints, and vice versa,
makes it worthwhile pre-evaluating them. Other constraints for evaluating max-
imum values or consecutiveness cannot be easily pre-evaluated. The constraints
on overtime and undertime are exceptional. They only determine one of the post
planning options (see ‘add hours’ in Fig. 2).
When comparing a set of nurse rostering approaches in literature, we can dis-

tinguish two main objectives: the coverage constraints and the time related con-
straints on personal schedules. Some models allow the scheduling algorithms
to make coverage decisions by incorporating them as soft constraints [9, 15–17,
21]. Other approaches consider a fixed number of staff, which is supposed to
be sufficient for satisfying the coverage constraints [2, 4, 6, 8, 11, 13, 14, 21]. The
approaches which require a strict application of the time related constraints are
rare and solve smaller size problems than those tackled in this paper. Berrada
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- day off This constraint is a personal request for a day off. Personnel members
can have a list of such requests.

- shift off Unlike the previous constraint, this one only forbids the assignment of
a particular shift type on a certain day.

- assignment Nurses can list their personal requests for performing certain
shifts on particular days. For each of the previous constraints, a high or low
priority can be set. It determines the penalty for violating the constraint.

- pattern A pattern is a very complex cyclical constraint which is built with a
combination of different pattern types. Each pattern has a predefined length,
equal to a number of days. Per pattern day, one of the following restrictions
hold:
PAT–1 no free day (at least one shift type must be assigned)
PAT–2 assignment of a particular shift type
PAT–3 assignment of a shift type of a certain duration (a small deviation of

that duration, generally 15 minutes, is allowed)
PAT–4 no restriction on that day
PAT–5 free day
PAT–6 day off
PAT–7 forbidden shift types

Although both PAT-5 and PAT-6 do not allow assignments on the
corresponding days, there is a difference in interpretation. PAT-6 represents a
day off which can influence the evaluation of some other constraints (e.g. when
it is a compensation day, holiday, refresher course, etc) by contributing to the
working hours.

- overtime According to their work agreement or contract, personnel members
have a different maximum working time per planning period. The constraint is
cumulative in that access hours in the previous planning period are added to
the prestation in the current period for the evaluation.

- undertime Similarly, a minimum number of working hours can be defined per
work agreement. Schedules with fewer hours assigned are penalised. However,
holiday periods and illness leave will induce a recalculation of the minimum
number of hours a person should work. Note that undertime is not related to
undercoverage, which is a shortage in personnel.

Fig. 1. Set of time related soft constraints that can easily be pre-evaluated
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et al. [3], for example, define less time related constraints than we do, but some
of them are hard (e.g. weekend working patterns and the number of weekly
working days). Miller et al. [16] define the personnel requirements as a mini-
mum and preferred number of people per day (and not per shift type, as it is in
our approach). They divide the time related constraints into two categories: a
feasibility set (maximum number of assignments, minimum/maximum number
of consecutive working days) and non-binding constraints (examples are: num-
ber of working weekends, working complete weekends, consecutive free days,
in addition to stricter formulations of the constraints in the feasibility set). The
total number of constraints is very low compared to the set used in this research.

In the literature, there is a range of different ways to tackle coverage con-
straints. Isken and Hancock [12] allow variable starting times for the personnel
members instead of working strictly defined shifts. Over- and understaffing can
occur in solutions, but they are penalised. The method proposed by Ozkarahan
[18] aims at minimising over- and understaffing. Although there is a defined range
of feasible personnel attendance, solutions generated by Miller et al. [16] do not
necessarily satisfy all the coverage constraints. Warner [20] allows to schedule
more nurses than strictly required in order to compensate for unwanted personal
schedules.
The goal function in Warner and Prawda’s work [21] aims at minimising the
difference between a given lower limit for the number of nurses, and their actual
number. The difference must not be under zero. Ahmad et al. [1] only search
solutions in the feasible domain, which includes some time related constraints in
addition to personnel coverage. Scheduling too many personnel members is not
penalised. Meyer auf’m Hofe [15] defines minimum and standard staffing levels
which are treated as fuzzy constraints, there is a considerably larger penalty for
understaffing than for overstaffing.

The observation of the behaviour of manual planners revealed that certain
circumstances can permit the relaxation of some hard constraints. Undertime
is often considered as a worse violation than overtime, whereas overcoverage is
generally less wanted than understaffing, etc. It is not possible to incorporate this
knowledge in the problem description because it reflects implicit dissatisfaction
rather than countable violations. Moreover, it differs strongly from one hospital
to another. Therefore, it is important to provide interactive scheduling relaxation
tools.

3 Algorithms for Relaxing the Hard Constraints

3.1 Overview of the algorithms

The relaxation algorithms are pre- and post-planning heuristics, which can be
combined with previously described meta-heuristic approaches. Examples of
such meta-heuristics are variable neighbourhood search [7], tabu search [8], and
memetic algorithms [4], in which several hybridisations can be selected.
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The relaxation heuristics are presented as separate planning options, in or-
der to isolate the meta-heuristics from typical shortcomings of the model when
applied in practice. Fig. 2 schematically demonstrates the order in which the
relaxation heuristics (presented in bold) appear in the total planning process.

Certain circumstances require a reduced search space, as is schematically pre-
sented in the box between the consistency check and the initialisation. It is the
case when a previously generated schedule can or must be partly re-used. The
large box ‘per skill category’ denotes that the nurse rostering problem in our ap-
proach can be divided into sub problems which are related to the skill categories.
Planners define a hierarchy for the skill categories which determines their plan-
ning order. The large solution space is normally split into smaller regions which
are not necessarily completely disjunctive (see Section 2). The meta-heuristics
are not specified in this figure because any search algorithm maintaining the
coverage is allowed. Boxes presented on the same level denote exclusive options,
e.g. ‘accept’ and ‘repair’ when the consistency check discovers infeasibilities.
The ‘post planning’ options start after finishing the meta-heuristics but they
can require re-iterating the meta-heuristics. Additional assignments made dur-
ing these options will be ‘marked’ in order to highlight them for later possible
search actions.

3.2 Consistency check on available people

When it happens that on one or more days of the planning period the hard con-
straints are too strong for there to exist any feasible solution, hospital planners
can opt to relax them manually. In most cases, the hard constraints are so strong
that it is obvious, after a preliminary check, that some of the soft constraints
cannot be satisfied. The planning meta-heuristics are not developed for handling
infeasible problems and therefore, the outcome of the consistency check will in-
fluence the initialisation of the meta-heuristics.
In order not to expect too much insight from the hospital planners who set up
the data, a simple consistency check is performed before the planning starts. In
this pre-planning process, the number of available people of a certain skill cate-
gory is compared with the number of requested people for that skill category at
any time during the planning period.
Apart from an obvious check on the hard constraints, users in practice demanded
an extra check on some ‘precedence’ soft constraints, namely on patterns, per-
sonal requests for days and shifts off, and requested shift assignments (see Fig. 1).
The consistency check respects the planning order of the skill categories. For ev-
ery personnel member, a list of available time slots (shift types or time intervals)
is constructed. Time slots that are not available when satisfying these soft con-
straints are presented in Fig. 3. The personal requests for assignments and the
requested shifts in patterns should be satisfied. Fig. 4 presents a list of these
necessary assignments.
The term ‘requirements’ will be used instead of the more specific options min-
imum or preferred personnel requirements. We explain in Section 3.4 how the
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Fig. 2. Overview of the relaxation algorithms which are applied in combination with
the meta-heuristics
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- the days off in personal schedules
- the assignment units corresponding to shifts off in personal schedules
- the assignment units corresponding to other than requested assignments on the

same day in personal schedules
- in case a pattern is defined in a person’s work regulation:

- the assignment units which do not correspond to the specified shift type in
case of PAT-2

- the assignment units corresponding with shift types having a different than
the specified duration in case of PAT-3

- the entire day corresponding to PAT-5 and PAT-6
- the assignment units which correspond to the specified shift types in case

of PAT-7

Fig. 3. Set SE: Schedule positions which should remain without assignments, according
to the list of soft constraints presented in Fig. 1

- the assignment units corresponding to personal requests for the assignment of
shifts

- in case a pattern is defined in a person’s work regulation:
- one of the assignment units corresponding to the day in case of PAT-1
- the assignment units corresponding to the specified shift type in case of

PAT-2
- one of the assignment units corresponding with shift types having the

specified duration in case of PAT-3

Fig. 4. Set SA: Schedule positions which should have assignments, according to the
list of soft constraints presented in Fig. 1

hard coverage constraints for the scheduling algorithm are derived from the per-
sonnel requirements and the planning options.

The entire consistency check procedure is presented schematically in Fig. 5. The
variable occupied has been introduced in the algorithm to keep track of the areas
in the schedule which are not free for assignments. All the free days in patterns
(type PAT-5), for example, render the corresponding days in the schedule occu-
pied. When estimating the number of assignments in a schedule, the algorithm
starts with calculating all the personal requests for particular shifts. Patterns,
in which a type PAT-2 for the shift type corresponding with the day, are also
added to the assignable schedule positions. In all these cases, we set schedule{p,t}
equal to occupied, for all the assignment units t of the day in person p’s sched-
ule on which the imaginary assignment was made. If, for a certain assignment
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∀q (1 ≤ q ≤ Q) : ∀p, t (1 ≤ p ≤ P, 1 ≤ t ≤ T ) :

IF {p, t} ∈ SE(seeF ig. 3)

schedule{p,t} = ‘occupied′

IF {p, t} ∈ SA(seeF ig. 4)

schedule{p,t} = ‘assignable′

stop = false
WHILE (assignableq,t < requiredq,t ∧ !stop)

search, in the following order, an unoccupied and not yet assignable
schedule position for a new assignment

- p with skill category q, PAT-1 type for the day, and not yet
assignable for t

- p with skill category q and not yet assignable for t
- p with alternative skill category q, PAT-1 type for the day, and not

yet assignable for t
- p with alternative skill category q and not yet assignable for t

IF (found)
schedule{p,(t/S)∗S} = schedule{p,(t/S)∗S+S} = ‘occupied′

schedule{p,t} = ‘assignable′

ELSE
stop = true

inconsistentq,t = assignableq,t − requiredq,t

RESULT

IF (
∑

q,t
|inconsistentq,t| > 0)

inconsistent = true
ELSE

inconsistent = false

WHERE assignableq,t =
∑ |{p ξ 1 ≤ p ≤ P ∧ pq ∧ schedule{p,t} = assigned}| and

pq reflects that p can carry out work for skill class q

Fig. 5. Procedure for Consistency Check
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unit t, the assignments exceed the requirements for qualification q, the value
inconsistentq,t is set equal to the excess.
In the other case, the algorithm searches positions in the schedule where extra
assignments can be made. For all the assignment units on which the assignments
are less than the requirements, we try to add shifts to unoccupied schedule posi-
tions with a pattern type PAT-1, or PAT-2 if it corresponds to the duration of the
shift type. All the assignments in this step will make the schedule positions on
the corresponding days occupied. When there is still an excess of requirements,
the algorithm continues by assigning the shifts to personal schedules which are
still unoccupied on the particular day. If there are not enough such locations,
the value inconsistentq,t equals the number of assignments minus the number
of requirements.
Blocking the entire day on which an assignment is made is often more strict than
necessary. However, in real-world situations, it rarely occurs that a personnel
member is assigned to more than one shift per day in healthcare environments.
We found it better to mark such problems as inconsistent. Manual planners are
free to accept or ignore the diagnosis. The more flexibility the algorithm allows
for doing the imaginary assignments, the more accurate the diagnosis will be. In
our model, alternative skill categories are also taken into account. Assignments
for alternative skill categories can often help to satisfy the pattern constraint
(PAT-1, PAT-2, and PAT-3) when the problem is inconsistent for the main skill
category. The scenarios are equivalent for all the possible personnel requirement
formulations, minimum or preferred requirements.
Since the system does not handle infeasible problems, the algorithm always re-
duces the personnel requirements if an unavoidable violation is detected. At the
start of a planning, the algorithm informs the planner about inconsistencies in
the coverage constraints. The values are 0 when the requirements cause no in-
consistency. A value larger than 0 indicates that the requirements should be
increased by that value, a negative number requires a corresponding decrease.
Either the user can accept the remedy by relaxing the personnel requirements or
he can deliberately opt for unavoidable violations of the checked soft constraints.
This option determines whether the search algorithms will respect the original
or the relaxed coverage constraints. Both options are mentioned in the overview
of Fig. 2.

3.3 Initialisation

The initialisation of the scheduling algorithm consists of constructing a feasible
initial solution. It suffices for a schedule to satisfy all the hard constraints (or the
relaxed hard constraints proposed by the consistency check) to be called feasible.
We have split the initialisation in 2 phases. The first phase loads the input (after
an input option has been selected). The other phase makes the schedule feasible.

Input options for the initialisation For practical planning problems three
possible strategies are introduced.
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Current schedule The option starts from the currently available schedule, which
can either be the result of a previous attempt to generate a solution, or the plan-
ning which existed before certain extra restrictions occurred.
Schedule of the previous planning period This option is useful when the schedule
in the previous planning period is of a very high quality and when the constraints
for the current and the previous planning period are similar. It is not recom-
mended to use the previous schedule as an input when the number of personnel
is not the same in both periods, when the planning periods includes bank hol-
idays, or when the pattern constraint has a different period from the planning
period, for some personnel members.
Empty schedule The simplest input option starts the initialisation from an
empty schedule.

Although the two first initial schedule constructors may seem very attractive, our
experiments show that it is not too difficult for the meta-heuristic algorithms to
produce schedules of comparable quality starting from a random initial schedule.
Indeed it is often the case that with the two latter initialisations, the solution
represents a local minimum in the search space and the algorithm has problems
escaping from it.

Create a feasible solution In order to satisfy the hard constraints in the
initial schedule, an algorithm is applied which adds and/or removes shifts until
the personnel requirements (according to the planning options of Section 3.4)
are met. The process is mainly random driven, although it takes some of the
soft constraints into account. Users of the system suggested to initially force
satisfaction of the personal requests for days and shifts off and satisfaction of the
patterns. These are precisely the soft constraints which play a role in determining
the consistency of the data (Section 3.2). It seems contradictory to the previously
explained concept of treating the cost function (which sums violations of all the
constraints [6]) as the only evaluation means. However, even though the planners
can freely set cost parameters, a schedule in which less personal constraints are
violated will often be preferred to better quality schedules (with respect to the
cost function) which contain more violations of these particular constraints.
The initialisation is always executed per skill category. The group of people
belonging to the skill category is extended with the people who have that skill
as an alternative qualification. The initialisation algorithm makes a first attempt,
only in the case when the Empty schedule option is selected, to satisfy the pattern
constraint. When a pattern requires a shift, the algorithm assigns a randomly
chosen shift to the corresponding people, provided the assignment never violates
the hard constraint on the number of people required. In order to be general,
we use the simplified notation requirements and do not specify whether it is
minimum or preferred requirements.
In case the shift type is specified (building block PAT-2 of the pattern), the
shift will be assigned to the person if there is a shortage in the schedule for
the shift on the particular pattern day. For the 3rd building block, PAT-3, the
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algorithm randomly chooses a shift type of the specified duration (allowing the
small deviation of the preset time), for which the personnel requirements are not
yet met.
The algorithm afterwards moves to an iterative phase which stops when the
personnel requirements are fulfilled for every shift type or when a maximum
number of attempts to assign randomly is reached. The maximum number of
attempts is function of the number of people authorised to carry out jobs for the
skill category. In case the number of scheduled personnel on a particular day is
too low to meet the requirements, the system will assign the lacking shift type
randomly to a personal schedule, provided that person is skilled and available.
The people are divided into groups with equal eagerness for the assignment. In
the case where all people in a group already have an assignment for the shift
(either for the currently scheduled skill category or for another), the assignment
fails. The algorithm stops if a random assignment is possible in a group, that is if
a person of the group has no assignment. If no such person exists, the algorithm
moves to the next group. The groups of appropriate people considered for adding
assignments are listed below in order.

ADD–1 All the people having a personal request for the shift corresponding
to the time to be scheduled and no assignment yet.

ADD–2 All the people working according to a predefined pattern, for which
a PAT-2 type corresponds to the day and the detail to the shift to
be scheduled, with an empty schedule for that assignment unit.

ADD–3 All the people working according to a predefined pattern, for which a
PAT-3 type corresponds to the day and the detail to the duration of
the shift to be scheduled (+/- the deviation), and an empty schedule
for the corresponding assignment unit.

ADD–4 All the people who belong to the scheduled skill category (main skill)
and do not have a personal request (with a high importance) for a
day off or shift off at the time to be scheduled, and have an empty
schedule at that time.

ADD–5 All the people who have the skill category as alternative and do not
have a personal request (with a high importance) for a day off or
shift off at the time to be scheduled, and have an empty schedule at
that time.

ADD–6 All the people who belong to the skill category, have an assignment
for another skill category, which has not been scheduled in this run
(a skill category which is lower in the planning order hierarchy).

ADD–7 All the people who have the skill category as alternative, have an
assignment for another skill category, which has not been scheduled
in this run (a skill category which is lower in the planning order
hierarchy) and which is different from the main skill category of the
particular people.

ADD–8 All the people who are authorised for the skill category and have an
empty schedule for the shift.
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An analogous procedure has been developed for removing shifts when a schedule
exceeds the requirements for certain shifts. The hierarchy of the groups to which
the removal of a shift is applied is listed below:

REM–1 All the people who have the skill category as alternative and have
a marked (see Section 3.4) assignment for the skill category being
scheduled.

REM–2 All the people who belong to the skill category and have a marked
assignment for it.

REM–3 All the people who have the skill category as alternative and have
an assignment for the skill category being scheduled.

REM–4 All the people who belong to the skill category and have an assign-
ment for it.

In Section 3.4, we explain how the personnel requirements for the initialisation
depend on the planning options.

3.4 Coverage Options

In practice, the number of required personnel on a certain day is not completely
strict. Experienced planners know very well when it is reasonable to plan more or
less personnel than required. However, there are no clear rules for decisions like
this and in our model the user can optionally choose among different coverage
strategies. The approach allows a feasible range between minimum and preferred
personnel requirements. Any solution with fewer assignments than the minimum
requirements, or with more than the maximum requirements, violates the hard
constraints.
The system provides planning options to set the coverage constraints, which will
be hard constraints for the rostering algorithms. It is also possible to allow a few
post-planning algorithms, which can change the coverage after a solution has
been generated.

Minimum - Preferred requirements The hospital scheduler can choose to
plan the minimum personnel requirements or the preferred requirements as hard
constraints. During the entire meta-heuristic planning process, the number of
planned shifts (be it minimum or preferred) will not change.

Plan towards preferred requirements Instead of strictly setting the hard
constraints, this option allows to work with a range in which the hard constraints
are considered satisfied. In Fig. 6, the procedure for this option is schematically
presented. The algorithm first takes the minimum requirements as hard con-
straints. After a result has been calculated by the scheduling meta-heuristics,
the system tries to add shifts to the schedule wherever this does not involve
an extra violation of soft constraints. For every day on which there is a dif-
ference between what is actually scheduled and the preferred requirements, the
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∀q (1 ≤ q ≤ Q) :

initialise a solution scheduleq satisfying the minimum personnel requirements
(whether consistent or not) for q
improve the solution scheduleq by applying meta-heuristics until a stop
criterion is met
quality(scheduleq) =

∑
p ξ pq=q

quality(schedule{p,q})

∀q (1 ≤ q ≤ Q) :

stop = false
WHILE (assignedq < preferredq ∧ !stop)

select best (the least worsening with respect to the quality) assignment
position schedule{p,t} (or ‘twins’ schedule{p,t} + schedule{p,t+S}) for which
the schedule is currently unassigned and for which extra assignments would
not exceed the preferred personnel coverage
IF (best ≤ quality(scheduleq) ∨ bestp ≤ thresholdshifts)

schedule{p,t} = schedule{p,t+S} = assigned
assignedq,t = assignedq,t + 1

ELSE
stop = true

WITH

assignedq =
∑

t,p ξ pq=q
schedule{p,t} = assigned

assignedq,t =
∑

p ξ pq=q
schedule{p,t} = assigned

Fig. 6. Procedure for adding shift types after planning

system adds a shift to the personal schedule that improves the overall quality
of the schedule most. Adding a pair of identical shifts on consecutive days in a
personal schedule (called ‘twins’) is often less harmful than adding an isolated
shift. In the competition for the best candidates to assign extra shifts to, ‘twin
assignments’ are also considered (provided none of the assigned shifts causes
an excess with respect to the preferred personnel requirements of the schedule).
These ‘twin’ assignments are often more beneficial for the quality of the schedule
because they influence many soft constraints (such as constraints on complete
weekends, identical shifts in weekends, a minimum number of consecutive shifts
or days, etc see [19]). Since the complexity of finding optimal ‘twins’ to add to
the schedule is exponential, we reduced the search to the selection of the best
set of equal shift types on two consecutive days for a personal schedule.
The system even allows for a more flexible approach by providing a threshold
value for the individual cost function value: thresholdcost. In this case, the algo-
rithm will add extra shifts, whenever the personal cost function value does not
exceed that threshold.
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Every additional assignment to the schedule made after the planning algorithm
has stopped, will be marked. The location of such marked shifts in the schedule
is the result of a post planning algorithm, while the other shift types have been
assigned by search algorithms looking at the entire search space. It is recom-
mended during some planning activities to remember which shift removals will
harm the schedule less. We explained the importance of marking in Section 3.3.

Add hours This option attempts to add shifts to personal schedules with un-
dertime. It is a pure post-planning option which does not necessarily respect
the (hard) preferred personnel coverage constraints. Once a schedule has been
calculated, an algorithm searches, for every personal schedule, the best point
in time to add extra shifts. The constraint holds that a shift cannot be added
unless such shift already occurs in the personnel requirements for that day and
skill category. By applying this option, the coverage can exceed the level of the
preferred requirements unless when the level is 0.
By default, nothing will happen if it would generate overtime. As explained in
the previous option, there is a possibility for setting a parameter thresholdhours

for the cost function value of the personal schedule. When a personal schedule
has reached this number, the algorithm will not add extra shifts. Just like in the
previous section the extra shifts are marked. Fig. 7 schematically demonstrates
the procedure.

∀q (1 ≤ q ≤ Q) :

identical to Fig. 6

∀q (1 ≤ q ≤ Q) :

∀p (1 ≤ p ≤ P ) : FOR each personnel member p belonging to q
stop = false
WHILE (undertimep > 0 ∧ !stop)

select best (the least worsening with respect to the quality) assignment
position schedule{p,t} (or twin schedule{p,t} + schedule{p,t+S}) for
which the preferred personnel requirements (at t and t+S) are not 0
and for which (bestp < thresholdhours)
IF (found)

schedule{p,t} = schedule{p,t+S} = assigned
ELSE

stop = true

WITH undertimep = the difference between the number of hours p should work
and the number of hours that is scheduled for p

Fig. 7. Procedure for adding hours after planning
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Since it might be better in terms of the cost function to add a pair of shift types
on consecutive days, we also consider ‘twins’ when searching for the best time to
assign extra shifts. As explained in Section 3.4, we restrict multiple assignments
to ‘twins’ in order to keep the search space small.

4 Test Results

We have tested the relaxation algorithms on a few real-world problems. All the
experiments make use of the hybrid tabu search approach introduced in [8].
It consists of an algorithm that moves single shifts while maintaining the per-
sonnel coverage, combined with greedier algorithms concentrating on weekend
constraints and improving the worst personal schedule.

In Problem I, there is a cyclic pattern for every personnel member. Some
of the people have loose patterns, for others the pattern constraints are rather
strict. We have tested different paths in the planning procedure (see Fig. 2). The
results are presented in Table 1. Problem II is a completely different real world
problem, with fewer strict patterns but more people on leave. The same tests
have been carried out and the results are shown in Table 2. For each experiment,
the planning option is presented in the first column. We distinguish, according
to Section 3.4, ‘minimum’ and ‘preferred’ coverage, ‘shifts’ for planning towards
the preferred requirements, and ‘hours’ for adding hours. The columns ‘< M ’
and ‘> P ’ refer to the shortage or excess in coverage. Violations of the hard cov-
erage constraints are presented in bold. When the planning option ‘minimum’ is
selected, we call excesses of personnel assignments (compared to the minimum
requirements) also violations of the coverage. The same holds for a shortage of
assignments when ‘preferred’ is selected. We have carried out experiments with
two different cost functions. In the first one, undertime does not contribute to
the value of the cost function (results are in the upper part of the tables). The
second cost function has a penalty of 1 per hour undertime (lower part of the
tables).
All the examples have inconsistent requirements with respect to the hard con-
straints and precedence soft constraints of Fig. 1. Most experiments in which the
‘repair’ option is selected after inconsistencies were discovered, produce better
quality results (with respect to the cost function) than the schedules generated
with the original hard constraints. This is especially remarkable for the experi-
ments with Problem II, in which many people take days off. However, the solu-
tions for the original requirements (accept option), do not have violations of hard
constraints. Exceptions to this finding are the tests with the option ‘preferred’ in
Table 1. In these cases, ‘repair’ leads to higher values of the cost function because
many other than the soft constraints checked by the consistency procedure are
violated due to the increased workload. The option of planning towards the pre-
ferred requirements (shifts in the first column) does not violate hard constraints
(unless combined with ‘repair’). Moreover, it approaches the satisfaction of the
preferred personnel coverage better than the option ‘minimum’ and it produces
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Options Threshold Consistent Quality Coverage
<M >M <P >P

no penalty for undertime

minimum accept 790 0 0 19- 0

minimum repair 625 0 7+ 16- 4+

shifts accept 608 0 6+ 13- 0

shifts 100 accept 608 0 6+ 13- 0

shifts 200 accept 608 0 6+ 13- 0

shifts repair 550 0 9+ 14- 4+

hours accept 849 0 20+ 0 1+

hours repair 709 0 13+ 13- 7+

preferred accept 938 0 19+ 0 0

preferred repair 947 0 23+ 0 4+

penalty 1 per hour undertime

minimum accept 1457 0 0 19- 0

minimum repair 1249 0 7+ 16- 4+

shifts accept 1209 0 6+ 13- 0

shifts 200 accept 1209 0 12+ 7- 0

shifts repair 1138 0 16+ 7- 4+

shifts 200 repair 1138 0 16+ 7- 4+

hours accept 1298 0 24+ 0 5+

hours 20 accept 1298 0 24+ 0 5+

hours 50 accept 1305 0 25+ 0 6+

hours 100 accept 1348 0 19+ 0 7+

hours 200 accept 1348 0 20+ 0 0

hours repair 1178 0 18+ 11- 10+

hours 200 repair 1249 0 7+ 16- 4+

preferred accept 938 0 19+ 0 0

preferred repair 1291 0 23+ 0 4+

Table 1. Test Results for Problem I

better quality schedules in all cases. It is the default option for most users in
practice. It is very difficult to evaluate the results for the option ‘hours’ without
knowing the subjective wishes of the personnel and the hospital. The schedules
obtained with this option all have many violations of soft constraints. Satisfying
the constraint on undertime better induces violations of other soft constraints.
We have carried out a few tests with a threshold value for the cost function
value per person. For the ‘shift’ option, only one result was influenced by in-
creasing the threshold (Problem I, threshold 200: more shifts are assigned but
the value of the cost function remains the same). Higher thresholds have not
been considered because they would deteriorate the quality too much. Setting a
threshold value for adding hours has a bigger effect than adding shifts towards
the preferred requirements. The results in both test sets suffer from undertime,
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Options Threshold Consistent Quality Coverage
<M >M <P >P

no penalty for undertime

minimum accept 311 0 0 18- 0

minimum repair 85 4- 1+ 21- 0

shifts accept 261 0 2+ 16- 0

shifts 100 accept 261 0 2+ 16- 0

shifts repair 85 4- 1+ 13- 0

hours accept 824 0 18+ 0 0

hours repair 85 4- 3+ 21- 2+

preferred accept 836 0 19+ 0 0

preferred repair 373 4- 15+ 7- 0

penalty 1 per hour undertime

minimum accept 379 4- 1+ 21- 0

minimum repair 199 0 0 18- 0

shifts accept 310 0 4+ 14- 0

shifts repair 168 4- 5+ 17- 0

hours accept 878 0 18+ 0 0

hours repair 180 4- 4+ 21- 3+

preferred accept 923 0 18+ 0 0

preferred repair 388 5- 15+ 8- 0

Table 2. Test Results for Problem II

as can be noticed when comparing the results with and without a penalty for
undertime.

Relaxing the hard constraints does not necessarily lead to better quality
schedules with respect to the evaluation algorithm although in most cases it
does. It is clear that none of the relaxation algorithms outperforms all the others.
They all aim at different goals, and their result strongly depends on the particular
problem.

5 Conclusions

The nurse rostering system developed for application in Belgian hospitals is very
flexible. It provides many possibilities for setting constraints and requirements.
However, the main drawback of allowing the users to define and set their problem
is the danger of creating over-constrained and unsolvable problems. Experienced
hospital planners can deal with infeasibilities in practice. They know which con-
straints to relax in difficult circumstances.
By observing the reaction of hospital planners on the results of the scheduling
algorithms for nurse rostering, we developed algorithms for addressing over-
constrained and even infeasible problems, without drastically changing the ob-
jective of giving high priority to coverage constraints. The consistency check
algorithm not only considers the hard constraints, but pre-evaluates a few of the
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most touchy soft constraints, such as personal preferences for days off and for
assignments. This interactive tool allows the users to adapt their requirements
to the given recommendations for creating feasible problems.
The other relaxation algorithms are pre- or post-scheduling algorithms which
do not necessarily interfere with the meta-heuristic approaches. Depending on
the goal chosen by the user (to aim at meeting the minimum or the preferred
coverage), these algorithms adapt the overall objective before or after generating
the schedule. Adding more hours to some personal schedules is a typical example
of a real-world habit which is not revealed when looking at the formulation of
the requirements. We developed interactive ways of adapting the schedule to the
soft constraint on ‘undertime’ while ignoring the hard constraint on coverage to
a controlled extent.
Experiments have pointed out that relaxing the hard constraints lead to a much
higher overall satisfaction for the personnel members. Many infeasible, but not
unwanted, solutions are within reach of the modified goals. The interactive soft-
ware of the proposed model provides enough feedback to guide the planners and
it allows them to specify their own solution strategy. All the relaxation algo-
rithms described in this paper are applied in practice. They have considerably
increased the applicability of our nurse rostering model to various kinds of hos-
pital settings with varying requirements and scheduling habits.
Although the effect of the relaxation procedures is not necessarily clearly visible
in quality in terms of the cost function value, they have dramatically contributed
to modelling specific wishes and rostering customs.
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